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MepiAnyn

Ol avavewoLUEG TINYEG EVEPYELAG TIPOCPEPOLV AVUCN OE TIEPLTITWOELG VNOLWYV
Ta ormoia mpoomadouy va eivatl evepyelakd avTovoud, WoTOCO N OTOXACTLKN)
PLON TWV KALPIKWY PALVOPEVWY ONULOVPYEL TIPOKANCELG yla TNV aglomoTn
TIOCOTLKOTIOINON TWV avavEWOLPWY TINYWwV eVEPYELAG. H epyaocia eotialetal
oTnV MEPIMTWOoN TOL VNoloL TNG AcTundAatag To onoio Bpioketal oto Alyaio
meAayog evw avadelkvUeTal N onpacia Tng oTOXAOTLKNG TPOCOHoiwong yLa
TNV TOCOTIKOTOLNCN TWV AvaveWOoLJwV TNywv evepyelag. H Aotumalalaq,
OTWG Kal TToAAd vnolq, eivat e€apTnueva amo Ta EL0AyOPEVA OPUKTA Kavualua.
H mapovoa epyacia mpaypateveTal avtd ta ¢nTnuata epapuodovtag €va
HOVTEAO OTOXAOTLKNG TPOCOoiwong Tou avantuxdnke ano (Koutsoyiannis,
2021, 2000) kat enektadnke and (Dimitriadis and Koutsoyiannis, 2018) oe
dlapopeTika €idn dedopevwy, OMwG TaxLTNTA AvePou, NALaKN akTvoBoAia
Kal VYOG KLUPATOG TA OToia avTLoToLXoLV OTo vnol Tng AoTundAaiag. XtTnv
gpyaocia xpnolgomolnbnke To HOVTEAO ZUPHPETPLKOU Kivoupevou Meoou oe
ouvbuaopo pe avellgn Hurst-Kolmogorov mou meplypdgetalr amo To
KAlgakOypappa Tng, €vw n TPOCEYYLON auTr WTopPel va avamapayel 1n
BpaxumpoBeoun Kal TN Hakpompobeoun eppovhn Twy dedopevwy. To HovTEAO
uTopel va dlatnpel TIG OTATIOTIKEG pomeg NG Owadlkaciag kat omwg
arnodeixbnke peEow NG OlaTpnong TOUL OUVTEAEOTH KUPTWONG va
TipooopolwveLl TIG dlakomtopeveg Olepyacieg. Ta amoteAéopata auvtd
pumopouv va Bondnoouvv otnv dwadikacia ARYng amoacewv Kai va
KaBodnynoouv otn BEATLOTN XPHON AVAVEWGCLHWY TINYWV EVEPYELAG.



Abstract

Renewable energy offers solution for island communities who try to be energy
independent, yet the stochastic nature of weather phenomena creates
challenges for reliable energy generation. The significance of stochastic
simulation in renewable energy planning for islands is highlighted, focusing in
the case study of Astypalea island in the Aegean Sea. Astypalea, like many
islands, faces energy insecurities due to its reliance on imported fossil fuels.
This thesis addresses this issue implementing a stochastic simulation model
developed by (Koutsoyiannis, 2021, 2000) and (Dimitriadis and Koutsoyiannis,
2018) in various types of datasets, such as, wind, solar irradiance, wave height
and period corresponding to the island of Astypalea. In this thesis the
Symmetric Moving Average scheme was used for the generation of the
simulated values combined with Hurst-Kolmogorov process described by its
climacogram. The extended Symmetric Moving Average Model as will be
introduced can preserve high order moments of a process and as proved by
preserving the coefficient of kurtosis can capture the intermittency of
hydrometeorological processes. With this methodology we can expect insights
for optimizing renewable energy systems in island contexts, ensuring
sustainable and reliable energy generation.
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T Introduction

1. Introduction

In a period marked by increasing environmental concerns and the urgent
need for sustainable energy solutions, the role of renewable energy resources
has become paramount. However for island communities achieving energy
independence presents some challenges due to their geographical isolation,
limited resources and limited land cover. In this context, stochastic simulation
of hydrometeorological data emerges as a tool for assessing and optimizing
renewable energy systems, creating a path for autonomous and resilient energy
solutions. Renewable energy resources, such as wind, solar and wave power
hold particular promise for island communities due to their abundance and
sustainability. Unlike finite fossil fuel reserves, renewable resources are
inexhaustible and can be harnessed locally, reducing the need for costly
imports and strengthening local economies.

Moreover, advancements in renewable energy technologies, coupled
with declining costs, have made it increasingly feasible for islands to pursue
autonomous energy solutions tailored to their needs and conditions. Situated
in the southern Aegean Sea, the island of Astypalea is a representation of the
challenges and opportunities for energy independence. With a population of
approximately 1300 inhabitants spread across an area of 97 km?, Astypalea
relies on diesel generators for electricity generation resulting in high energy
costs. However the islands location and favorable climatic conditions make it
an ideal candidate for renewable energy deployment, offering opportunities for
wind, solar and wave energy harvesting. With the theory of stochastic
simulation we try to quantify the uncertainty associated with the renewable
energy resources to ensure reliability and efficiency. Stochastic simulation
involves generating synthetic time series of meteorological variables based on
statistical models derived from historical data. It also provides valuable
insights into the temporal and spatial variability of energy generation
supporting effective grid management.

We implement a stochastic simulation model developed by
(Koutsoyiannis, 2021, 2000) and extended by (Dimitriadis and Koutsoyiannis,
2018) for three different dataset types, wind speed, solar irradiance, wave
height and period of Astypalea’s island. The aim of this project is to introduce
and apply a methodology (Dimitriadis and Koutsoyiannis, 2018; Koutsoyiannis,
2000) that can preserve any arbitrary second order structure, as well as the high
order moments of a process. With that said we can produce synthetic datasets
from historic time series, having the same dependence structure and
approximately having the same first four central moments, meaning, we
approximate the distribution of the data to a desired degree which is sufficient
for our applications.

These processes are governed by Hurst-Kolmogorov dynamics
(Koutsoyiannis, 2016) and are described by their climacogram, which is, the
variance of the averaged process versus its scale. The climacogram of an HK
process is described by:
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D
y(k) = ZZ(T?,

Where y (k) is the variance of the process at time scale k, y(D) is the variance
at the unit time scale, H is the Hurst parameter and k = k/D is the discrete time
scale. For the generation of the synthetic time series we use the Symmetric
Moving Average scheme developed by (Koutsoyiannis, 2000) described by:

l

Xi= z ajiViej

j==t

where a; are coefficients which can by calculated analytically and v; is white
noise error terms. (Koutsoyiannis, 2000) showed that the SMA scheme can
preserve the first three central moments, while (Dimitriadis and Koutsoyiannis,
2018) extended this method to the fourth central moment and found that it was
sufficient for various distributions used in geophysical processes.

In chapter 2 we present the theoretical background needed for the study of
stochastic hydrology e.g. probability theory, random variables, moments of
distribution, stochastic processes, statistics of stochastic processes, time
series methods and spectral analysis of time series.

In chapter 3 we present the theory of the methodology which was used,
including the Symmetric Moving Average scheme, the Hurst-Kolmogorov
process, the climacogram, its advantages and its variations and the extension
of the Symmetric Moving Average scheme to the fourth moment.

In chapter 4 we talk about the case study, the island of Astypalea, we present
how various types of renewable energy resources can be harvested and we
present the climacograms and the statistical characteristics of the historical
and synthetic time series.

In chapter 5 we point all the conclusions from the statistical comparison of the
historical with the simulated time series.



2 Theoretical Background

2. Theoretical Background

2.1 Hurst Phenomenon

In the 1950s while H.E. Hurst was trying to solve an engineering problem
concerning the design capacity of reservoirs (Hurst, 1951) (e.g. the storage
required on a stream to give a minimum discharge), using statistics, probability
theory and long period time series of natural events, observed a statistical
property that describes the behavior of time series, that is, the tendency in
natural phenomena, to occur clustering of high or low values which was later
called Hurst Phenomenon. Hurst found that in natural events, groups of high or
low values occur more often than random events, while investigating a time
series of discharge of the Nile river and noticed that there are discharge
“stretches” when there is a flood event or a drought period. This work was
based on range analysis and various time series, like river flows, precipitation,
lake levels, temperatures, growth of tree rings and sunspot numbers. Given a
discharge time series and by calculating the accumulated mean and the
accumulated departures from the mean, we can find the adjusted range R,
which is the highest and lowest of the accumulated totals. This is also the size
of a reservoir, required to maintain the maximum possible steady discharge.
Hurst's goal was to establish a relationship between R, variability S,, and the
number of observations n assuming that the observations are normally

distributed. Hurst proved the relationship —~n where R, is the adjusted

range, S,, is the standard deviation, n is the S|ze of the time series, H is the Hurst
coefficient and R, /S, is the rescaled range. He proceeded using probability
theory and a coin tossing experiment and derived a theoretical relationship of
a process with normal distribution with equation:

Bn _ 1.25n%° @1
o

After establishing Eq. (2.1), he focused on the available data and investigated
the range on these time series. The longest period used was 2000 years, while
there was not a period of less than 30 years. Hurst plotted each data group
separately in a log-log plot and showed that log (R/o) is a linear function of
log N and is expressed as:

R N log (R/0) (2.2)
logg = K log > or K = log (N/2)
Where K is the slope of the different lines, which varied from 0.69 to 0.80 and
the mean was 0.729. Hurst suggested for the case of a long series (several
hundred years) the best practice was to take the mean value of K while for
shorter series take the mean value of K from all available material. The general
equation representing all the different lines is:
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R, (N\* (2.3)
%)
It is worth noting that in the case of natural events where K > 0.5 the term
R, /S, increases faster as the data size increases, rather than random events
where K = 0.5.

The first mathematical description of this phenomenon first appeared in
the work of (Mandelbrot and Van Ness, 1968) where Mandelbrot and Van Ness
introduced Fractional Brownian Motion with equation:

By (t) — By (0) (2.4)

1 0
~ rarras |- - o slasa)

+f0 (t — u)”‘°'5dB(u)}

Where B (0) is the starting value, H is the Hurst parameter and dB(u) is white
noise. It's a gaussian process, self-similar, non stationary process whose
increments are stationary X(t) = By (t + s) — By(s). The variance of the fBmis
defined as:

E[By(t +T,w) — By(t,w)]* = Var[(By(T) — By(0)] = V5T (2.5)

Where Vy is the variance of the unit increments. However the process By (t) is
not differentiable and that led them to introduce Fractional Gaussian Noise by
“smoothing” By (making it differentiable everywhere, hence continuous) with
equation:

1 [t+é (2.6)
BH(t, 6) = _f BH(S)dS
6 t
The autocovariance of the process is:
1 7| 2 A AT E (2.7)
_ 2H=2 | (2] N =t
Cu(7,6) = 5 Vy I<5+1) 2|5| + |5
With finite variance:
CH(O, 6) == VHSZH_Z (28)

For 0.5 < H < 1 (the range of values of hydrologic time series), the covariance
function does not converge which means:

f Cy(t,6)dt = o0 (2:9)
0

In a series of computational experiments (Mandelbrot and Wallis, 19693,
1969b, 1969c), discrete fGn was introduced by using integer values of t:

4
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ABy(t) = [By(t)—By(t — 1)] (2.10)
The variance of the discrete process is:

var[By(t + n) — By (t)] = var[By(n) — By (0) = n?Hyy (2.11)

And the variance of the sample mean is of the form:
var[X] = o?n?H2 (2.12)
Lastly the autocovariance of the discrete fGn is:

(2.13)

C(t,H)==[lt+ 112 = 2|t + |t — 1|*!

N| =

(Koutsoyiannis, 2002) analyzed the basic properties of Hurst's phenomenon
and created three simple algorithms that could reproduce this effect. First he
derived the equations characterizing the multiple scale properties of a typical
stochastic process and found that a markovian process on aggregated time
scale becomes more complicated than its basic scale and tends to white noise
as the scale gets larger. He then showed that for any aggregated time scale
fractional gaussian noise has an autocorrelation function:

1\ . _ , (2.14)
o = by ()16 + 17 + G = 2] - 20
where k is the aggregated time scale and for large j:
p](k) — p] — H(ZH _ 1)]-2H—2 (2.15)

This shows us that the autocovariance function of fGn in aggregated time
scales is independent of the scale k and its statistical properties compared
with the aggregated markovian process are more effective, much simpler
hence more parsimonious. Koutsoyiannis produced a multiple time scale
fluctuation approach, a disaggregation approach and a symmetric moving
average approach, whereas , every approach could reproduce the desired
effect. In a further paper (Koutsoyiannis, 2003) states that the classic
hydrological statistics are not sufficient with the varying climate (following a
simple scaling law), which is generally admitted, because the classical
statistical estimators are based on samples consisting of independent and
identically distributed variables which is not the case with hydrologic time
series. Koutsoyiannis showed that the sample mean is an unbiased estimator
but the variance is considerably higher than that of the classical statistics
which results in differences in other statistics too. He also found that the
quantiles of a distribution function are different than those of the classic
statistics and when the Hurst coefficient and the standard deviation are
unknown the confidence intervals are wider. Lastly he investigated the

5
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estimation of the autocovariance and autocorrelation function and showed that
the classical estimates are lower than the true values and after a small numbers
of lags diminish, which is not the case for the simple scaling signal estimates
which respect the long term persistence of the process and are identical with
the theoretical ones.

(Koutsoyiannis, 2006) discusses that the most common way to model a
hydrological process is by non-stationary models and that long-term trends are
deterministic components of the time series. He states that the best practice
is to assume stationarity with a parallel scaling behavior which reproduces
climatic trends. This approach also indicates that the uncertainty increases
because of the large scale fluctuations. This method though can be difficult to
adapt in cases where there is change in a physical system (e.g. change of land
use) and in those cases should be combined with a deterministic hydrological
model.

2.2 Probability Concepts
2.2.1 Random Variables and Distribution Functions

In probability theory and statistics, a random variable x is a function that
maps outcomes of a random process (such as the result of a coin flip) to
numerical values. There are two types of random variables, discrete and
continuous. A discrete random variable is a random variable that can take on
only a countable number of distinct values. The probability of each outcome is
represented by a probability mass function (PMF), which gives the probability
of each possible value of the discrete random variable. A continuous random
variable can take on any value within a specified interval or range on the real
number line, meaning that their possible values form a continuous range of
numbers. The probability is represented by a probability density function (PDF),
which gives the relative likelihood for the random variable to take on a value
within a given interval. By that meaning, the PDF is used to calculate
probabilities for ranges of values rather than specific values, as with discrete
random variables.

In the case of discrete random variables, the cumulative distribution
function (CDF), denoted by Fx(x) is a function, which satisfies

Fy(x) = P[X < x] (2.16)

with properties of being a monotone and nondecreasing function and that
lim Fy(x) = 0and lirp Fx(x) = 1. The probability mass function is denoted
X—>+00

xX——00

by fx(x) and defined by
fx = Plx =xj]forx = xj,j=12,..,n (2.17)

with properties that satisfy f(x;) > 0 forj=1,2,.,nand ¥ f(x;) = 1.
In continuous random variables the cumulative distribution function,
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denoted by Fx(x), satisfies

&@)=]wfmwu (218)

while the probability density function is obtained by differentiating the CDF, that
is

dFy(x) (2.19)

fx(x) = dx

with properties fx(x) > 0 and [°._f(x)dx = 1.

2.2.2 Expectations, Moments and Cumulants

A very important tool in problems of probability theory and statistics
because of its ability to summarize specific properties of a random variable or
a distribution function is the expected value E[X]. Regardless of the type of the
r.v. or the distribution, the expected value is an average of the values that ar.v.
takes, while each value is weighted by a probability, or else it's a measure of the
center of gravity of the density function of ther.v. Values that are more probable
receive more weight and vice versa.

The expected value of a discrete random variable with probability mass
function Px(x;) = P[X = x;] for i=1,..,n is defined by:

n (2.20)
EIX] = ) xiPy(x)

i=1

while, in the case of a continuous random variable with probability density
function fx(x) the expected value is defined by:

E[X] = J+mxfx(x)dx (221

The moments or raw moments of a random variable are the expectations of
the powers of the random variable, which describe certain quantitative
measures related to the shape, the scale and the location of the distribution of
the corresponding random variable.

If X is a random variable the r* moment of X or the raw moment of X is:

u. = E[X"] (2.22)

The mean of ther.v. is the first raw moment:
7



2 Theoretical Background

i = E[X] (2.23)
The rt" central moment or moment about the mean of a random variable X is:
pr = E[(X — ux)"] (2.24)

One of the most frequent used central moments, is the central moment of order
2 or u,, which gives a measure of dispersion of the pdf of the random variable,
it is called variance and is defined as:

Uy = E[(X — uy)?] = 0? = var[X] (2.25)

Finally, in applied statistics the 3¢ and 47" central moments are used, which
are part of high order moments, used to describe the skewness and the kurtosis
respectively. Skewness is a measure of the asymmetry of the distribution
(value of zero means that the pdf is symmetric) and kurtosis describes the
“tailedness” of the pdf around the expected value.

The cumulants of a random variable X are used to describe the same
measures as classical moments but in a different way. According to (Johnson
et al, 2005), cumulants are useful because of their additivity properties,
meaning that when we deal with the sum of multiple independent variables, the
cumulants can be calculated by adding the sums of the individual cumulants.
The logarithm of the moment generating function of X is defined to be the
cumulant generating function of X:

K(t) = InE[e"™] (2.26)

The rt" cumulant of X denoted by «, is defined by the power series expansion
of the cumulant generating function:

r (2.27)

K(t) =ikr%

r=1

The following formulas (Smith, 1995) connect the raw moments u, to the
cumulants:

r—1 r—1
, r—1 , . , r—1 ,
W = z Kyr_1lyr K = U — Z Kr_1lr
i=0 i=0
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If we acquire a random sample of size n of X; random variables from a
cumulative distribution function, then the order statistics(David and Nagaraja,
2003) of the random samples X;, is defined to be the Y; for i=1,..,n where Yi are
the rearranged Xi in order of increasing magnitude. L-moments, introduced by
(Hosking, 1990), is also an alternative way of describing the statistical
properties of data using linear combinations of order statistics.

A = E[X] (2.28)
1 (2.29)
Ay = EE[X(l:Z) - X(Z:Z)]
1 (2.30)
Az = §E[X(1:3) —2X(2:3) + X(3:3)]
(2.31)

1
Ay = ZE[X(1:4) — 33Xy +t3X3:4) — X(4:4)]

2.3 Stochastic Processes

A stochastic process is a collection of random variables, typically
indexed by time or space, which describe how the values of these random
variables change over time. Stochastic processes provide a way to study,
analyze and make predictions about processes that evolve in an uncertain
manner(Papoulis and Pillai, 2009). The random variables {X(t),t € T} are
defined on a common probability space (2, F, P), where 2 is the sample space,
which is the set of all possible outcomes, F is a sigma algebra (c-algebra) on 2
and P is a probability measure on (2, F), assigning probabilities to events. The
index set T is interpreted as time, but it can be any index set, typically a subset
of the real numbers. Foreach tin T, X(t) is a random variable defined on (2, F)
that assigns a real number to each outcome in 2. The collection of random
variables {X(t),t € T} is considered a stochastic process because it describes
how the system’s state evolves over the index set T in a probabilistic
manner(Karlin and Taylor, 1975).

Like random variables, stochastic processes have two classifications
based on the nature of the index set. Discrete stochastic processes, where the
index set T is a countable set, often consisting of integers and continuous
stochastic processes, where the index set T is a subset of the real numbers or
an uncountable set.
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Figure 2.1: Ensemble of sample realizations of a stochastic process. Source:
(Stark et al., 2012)

2.3.1 Statistics of Stochastic Processes

In this chapter we will present some statistical techniques and tools,
which are used in the stochastic processes to model, analyze and make
predictions with specific characteristics, who play an important role in
understanding random phenomena.

A random variable X (t) for a specific t has a distribution function:

F(x,t) = P{x(t) < x} (2.32)

which is the first order distribution function of the process. Its derivative with
respect to x:

_OF(x,1) (2.33)
T Ox

f(x, t)

is the first order density function of the process.
The second order distribution of the process X(t) is the joint distribution:

F(xl,xz; tl' tz) = P{X(tl) < xl,X(tz) < xz} (234)

of the random variables X(t;) and X(t,) and the equivalent density function is:

10
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0%F (x4, %5; t1,t5) (2.35)
0x,0x,

f(xg, x5 t,t,) =

The complete distribution of a stochastic process refers to the entire
probability distribution that describes the behavior of the process over its entire
index set, which means it provides a comprehensive view of the random
variables’ behavior at all time points. The nth order distribution of the process
X(t) is the nth joint distribution:

F(xq, X5, e, Xp; t1, to, v, ty) = P{X(t1) < xq, X(t3) < xy, ..., X(t,) (2.36)
< x,}
and the equivalent density function is:

anF(xl,xz,...,xn; tll tz,...,tn) (237)
0x,0x5, ...,0x,

f(xl,xZ, B tl’ tz, ey tn) =

2.3.2 Second-Order Properties of Stochastic Processes

The second-order properties of a stochastic process refer to the
statistical characteristics that take account the moments of the random
variables in the process, which are important for understanding the process’s

variability and correlation between its values at different points in time. The
mean u(t) of X(t) is the expected value of the random variable X (t):

+oo 2.38
W = EX@) = [ xfGooax @39

The variance of the process is:

+oo 2.39
Yol = varlX(©] = | (= w(©)*f (s, O (2.39)

The autocovariance c(t, h) of X(t) is the covariance of the random variables
X(t) and X(t + h):

c(t,h) = cov[(X(t),X(t + h)] (2.40)
= E[(X(®) —u@®)X (@ + h) — u(t + h)]
The autocorrelation r(¢t, h) of X(t) is the correlation coefficient of the product

11
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X()X(t+ h):

c(t, h) (2.41)

r(t,h) = corr[X(t),X(t + h)] = \/y OIAGED

The autocovariance function measures the covariance between values of a
time series at different time points and it provides information about the
strength and direction of the linear relationship between observations.
Autocorrelation can take values between 1 < r(t, h) < 1. While autocovariance
measures the linear dependence between values at different time points,
autocorrelation standardizes this measure providing a unitless values that is
easier to interpret in terms of strength and direction of the relationship between
the time series and its lagged version. Autocorrelation is essentially the
normalized version of autocovariance(Papoulis and Pillai, 2009).

2.3.3 Stationarity and Ergodicity

In this subsection we will introduce two important statistical concepts
used in the field of stochastic processes and time series analysis, stationarity
and ergodicity. A process is considered stationary if its statistical properties do
not change over time. There are two main types of stationarity, strict-sense
stationarity and wide-sense stationarity(Papoulis and Pillai, 2009). A process is
strictly stationary if the distribution function remains the same over time or else
the joint probability distribution of any set points within the process is invariant
to shifts in time. From the above definition we conclude that:

FQty, s Xy tyy s tn) = f(Xq, e, Xty + €, ety +©) (2.42)

for any c. It follows that f(x;t) = f(x;t + ¢) for any ¢ and so the first order
density of x(t) is independent of t, f(x;t) = f(x). Wide-sense stationarity is a
less restrictive form of stationarity that is also commonly used. A process is
called wide-sense stationary of the mean of the process remains constant over
time, thatis E[x(t)] = u and if its autocovariance function depends only on time
differences t = h, cov[x(t), x(t + h)] = c(h).
A non-stationary process is characterized by changes in its statistical
properties over time. This means that the mean, variance or other important
characteristics of the process are not constant across different time periods.
Non-stationary behavior often manifests as seasonality or other patterns that
evolve over time(Koutsoyiannis, 2021). An example of a non-stationary process
is a random walk, where each value in the series is determined by adding a
random step to the previous value.

In stochastic processes ergodicity refers to the idea that the long-term
statistical behavior of a system is representative of its average behavior over
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time. Moreover ergodicity simplifies the analysis of stochastic processes by
allowing statistical properties estimated from a long sample path to be
representative of the ensemble behavior. In a more mathematical manner, a
stochastic process is said to be ergodic if the time average of any function of
the process converges to the expected value of that function. For continuous
time process the equation that follows the above statement is:

1 (T (2.43)
tim 7 [ 9Ge@)de = Elg(x(©)]
and for discrete time process:
) T (2.44)
Jim - g(x:) = E[g(x(?))]
=0

2.4 Time Series Analysis

Time series analysis refers to statistical methods and models used to analyze,
model and forecast time series. In this chapter we will refer to four basic time
series models that have been used in hydrology, Autoregressive Models of
order p, AR(p), Moving-Average Models of order g, MA(q), Autoregressive-
Moving-Average Models, ARMA(p,q) and the Autoregressive Integrated
Moving-Average Model (ARIMA). These models are based on the idea of linear
filter model, which relates a stochastic process with a series of independent
white noise terms a; (Box et al., 2008). Mathematically this translates to:

o0 (2.45)
Xe = @+ P10 F a0+ = lejat—j =y(B)a,
j=0

where: q; is the white noise error terms
Y4, YP,... are the weights of the a; parameters
Y(B) =1+ y,B +yY,B? + - is the transfer function of the filter.
B is a backward shift operator
x; is the random variable normalized by subtracting the mean u

Shift operator is a tool which shifts the process, m time units into the past or
the future, either if we have a backward or forward shift operator respectively.
In a mathematical manner the backward shift operator denoted by B states that
B™Z, =Z,_,,, where for m =1, BZ, = Z,_,. Following the same logic, the
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forward shift operator is F™Z, = Z;,,,. Lastly the backwards difference
operator is defined as VZ, = Z, — Z,_; = (1 — B)Z;. The white noise process is
formed by a series of uncorrelated random variables with zero mean E[a;] = 0
and var[a,] = o2. That is why the autocovariance function is of the form:

a2, k=0 (2.46)

Vk:E[atat+k]:{ 0 k + 0

and the autocorrelation function is p, =1 fork =0 and p, =0 fork # 0.
Subject to some prerequisites (Koopmans, 1995), we can relate the variable x,
to past x,_; variables and an error term:

0 (2.47)
xt = T[lxt_l + T[th_z + -+ at = z ﬂjxt_j + at
j=1

The transfer functions y(B) and n(B) are related by the equation ¥)(B)n(B) =
1.

In order for the process to be stationary the sequence of the weights ¥y must
converge Y%,|;| < oo, otherwise the filtered is not stable therefore the
process is non stationary. If the = weights in Eq. (2.47) follow the same rules
as the ¥ weights, that is, ¥%2,|m;| <o, we say that the process is
invertible(Brockwell and Davis, 2010). Alternatively, invertibility refers to a
property of a model, which allows to alter its current form, to express the
relationship between the current value of the time series and its past values.

2.4.1 Autoregressive Models, AR(p)

In this family of models called Autoregressive Models of order p, AR(p),
the equation that describes these models assumes that the current value of the
process is expressed as a linear ensemble of previous values of the process
and a random part. The relationship between the current observation and past
observations weakens as you go further back in time, or else, the influence of
distant past observations diminishes and recent observations have a stronger
impact on the forecast. This is known as memory decay and for that reason
these models are often used for short-term forecasting where recent
observations are more relevant than those from a long time ago. The equation
governing these characteristics is:

Xt = $1Xe—q + Poxep + o+ Opxep + ar (2.48)
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and it's called autoregressive process of order p.
The autocovariance function of AR(p) can be obtained by multiplying the
whole equation by x;_, and taking the expected values:

Xe Xeoi = Xeol(DrXe1 + GaXep + -+ GpXey + ap) =

E[x¢ xe—ic) = E[Xe—i(P1xe—q + Xy + -+ dpxep + a) =

Elx; xe—i] = E[xp—kP1X—1 + Xp— g Poxe—p + - + xt—k(l)pxt—p + xi_rae] =

Elx; xe-i] = E[xr—r®1xc-1] + E[xe—xbaxe—2] + -+ + E[xe—x bpxe—p] + E[xe—xa]
There is no relationship between variables x;_;, a; and so E[x;_xa;] = 0. The

autocovariance of AR(p) is:

Yie = G1Vi-1 + daVi—2 + -+ GpYi—p (2.49)

The autocorrelation function can easily be derived by dividing the process
variance c,, which provides:

Pk = G1Pr—1 + G2pp—2 + -+ Gppr—p (2.50)
Lastly the variance of the AR(p) process can be derived by the Eq. (2.49) for
k = 0 and dividing by ¢
Yo =1y + dav2 + -+ Oy + o5 =

B oF (2.51)
1—1p1 + b0 + -+ bppyp

oy

Different forms of the autoregressive models have been used in stochastic
hydrology, one of the most common is the AR(1) model. The equation of the
AR(1) model is:

Xt = d1xe—1 + a; (2.52)

The autocovariance function of the AR(1) is:

Yk = (1>ka—1 (2.53)
15
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the autocorrelation function is:
= pk (2.54)
Pr = P1
and the process variance is:

o'(% 0'02[ (2.55)

2 _
1-—d1p 1_Pf

O, =

Equation (2.52) can be written equivalently as (1 — ¢;B)x; = a, = P~ 1(B)x, =

=0 $Ja,_;. This proves that the autoregressive models, given that the order of
the model is finite, equals to an infinite moving average. For the process AR(1)
to be stationary, parameter ¢, should be bounded so that |¢;| < 1. This proves
that the root of (1 — ¢,B) which is ¢, must lie outside of the unit circle. This
can be generalized for an AR(p) process and the roots of the polynomial should
also lie outside of the unit circle.

2.4.2 Moving Average Models, MA(q)

The Moving Average Model MA(q) is a family of time series models that
represent the relationship between an observation and a linear combination of
the current white noise error and the past, q, white noise error terms. The
parameter g, represents the order of the MA model and indicates the number
of past white noise error terms considered in the model, meaning it determines
how far back in time the model looks to capture dependencies. Like the AR(p)
process, for stationarity, the roots of the polynomial must lie outside the unit
circle. The equation of the Moving Average Model of order g, MA(q) is:

X = at - Hlat_l — Hpat_q (256)

Using the same approach as the AR(p) models, to obtain the autocovariance
function of the model y;, = E[x:x:—k]

Vi = E[(at —O1apq — = Hpat—q)(at—k — O g1 — (2.57)
- Hp“t—k—q)]

The autocovariance for k > 0 is:
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Vi = (—Ok + 01041 + -+ 04_10,) 07 (2.58)

The process variance for k = 0 becomes:
Yo=(Q+07 4065+ +6)a (2.59)
Dividing the autocovariance function by y, we get the autocorrelation function:

_ _Hk + 616k+1 + + gq—kgq (260)
Pk Y0z 162+ 102

One used Moving Average model is the first order moving average denoted by
MA(1) and the equation is:

Xe =a; — 011 (2.61)
The variance of the process is:

Yo = (1+67)og (2.62)
while the autocorrelation function is of the form:

—8, (2.63)
= s fork=1and 0 fork =2
1+6;

Pk

2.4.3 Autoregressive-Moving-Average Models, ARMA(p,q)

Autoregressive Moving-Average Models, ARMA(p,q), is a family of
models, that combines the previous aforementioned two models,
Autoregressive and Moving Average. By allowing the noise term in the AR(p)
model to consist of a moving average of independent and identically distributed
random variables we obtain the ARMA(p,q) model. The autoregressive part
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captures the linear relationship between an observation and its past values,
while the moving-average part models the relationship between an observation
and past white noise error terms. The stationarity conditions are the same as
with the AR(p) and MA(q) models, that is, the roots of the two polynomials must
lie outside the unit circle. The general form of an ARMA(p,q) model is given by
the equation:

Xe = Grxeq + o+ Spxe_p +ap — 010, — - — 0pa,_ (2.64)

where: x; is the value of the time series at time t
¢4, ..., b, are the autoregressive coefficients, p is the order of the AR part
61, ..., 0, are the moving average coefficients, g is the order of the MA
part
a, is the white noise error term at time t
Equation (2.64) can also take the form:

(1-¢B—¢,B*— -+ —$,BP)x, = (1 - 6,B — 6,B*> —-~-— 0,BP)a, =

¢(B)x, = 0(B)a, (2.65)

The autocovariance function is found the same way as the previous models, by
multiplying and taking the expected value of the corresponding equation.

Vi = Elxexe_i] = E[xt—k(cl)lxt—l + -+ ¢pxt—p +a;—6,a; 4 —— ant—q)] =
Vi = Cl)lyk—l + -+ (l)pyk—p + an(k) - glyxa(k - 1) - (2.66)
- eqyxa(k - Q)

In the above equation y,, (k) = E[x;_xa.] and y,,(k — q) = E[x;_ra;_4]. We can
see from Eq. (2.66) that x,_, depends only on white noise error terms up to
time t — k and so for k = 0, y,.,(k) = 0 but for k < 0, y,, has a value. With that
said for k <gq the autocovariance function is Eq. (2.66) meaning the
autocovariance of the ARMA(p,q) process depends on coefficients of the
autoregressive as much as the coefficients of the moving average part and at
the variance ¢2. On the other hand, for k > 0, the autocovariance function is:

Yie = $1Vi-1 + daVi—2 + -+ dp¥i—p (2.67)

and the autocorrelation function:
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Pk = P1Pr-1+ D2pp—2 + -+ ppr—p (2.68)

reducing to exactly the same autocovariance and autocorrelation of AR(p)
process. Finally the variance of an ARMA(p,q) process is defined by Eq. (2.67)
fork = 0.

A model of the ARMA(p,q) family used in hydrology is the ARMA(1,1) (Salas et
al., 1982; Salas and Obeysekera, 1982; Tao and Delleur, 1976) with equation:

Xt = P1Xpq +ar — 01044 (2.69)

The ARMA(1,1) process is stationary if —1 < ¢, < 1 and invertible if —1 < 6; <
1.
The autocovariance function is:

1+67 —2¢,6, (2.70)
Yo = 1 — (1)% O0g4
_ (1—161)(P1 —61) o2 (2.71)
yl 1 _ (l)% a
Yk = G1¥k—1 fork =2 (2.72)
The autocorrelation function is:
_ (1= $161)(d1 — 61) o2 (2.73)
P 1- 6?12 - 2(1)191 “
Pr = G1pr-1 fork =2 (2.74)
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2.4.4 Autoregressive Integrated Moving-Average Model, ARIMA

The ARIMA(p,d,q) is a widely used model which consists of three main
components, the autoregressive, the integrated and the moving average part.
The autoregressive component represent the linear regression of the current
value of the seiries on its past values, the moving average component
represents the linear regression of the current value on past white noise terms,
and I(integrated) component involves differencing the series to make it
stationary. It is an extension of the ARMA model which can handle seasonal
nonstationaries in the data. The model is denoted as ARIMA(p,d,q) where:

p: order of the autoregressive component
d: order of differentiation of the original data
g: order of the moving average component

If we have datasets of scale less than a year then we will probably observe
seasonal patterns which involve repeating cycles over fixed time intervals (e.g.
monthly). We may also observe systematic increase or decrease in the mean
of the time series over time. These cases can be handled by differencing the
dataset until the dataset becomes stationary. The difference between
observations is expressed as Vx; = x; — x,_;( V¢ where d is the dth difference
of the series). If the order of differencing is zero we get
ARIMA(p,0,9)=ARMA(p,q), ARIMA(p,0,0)=AR(p) and ARIMA(0,0,q)=MA(q). We
have seen that for an ARMA process if the roots of the polynomial lie outside
of the unit circle the process is stationary. In contrary if the roots lie inside the
unit circle the generated values follow an exponential curve. We will deal with
the case that the roots lie on the unit circle. The mathematical form of ARIMA
model is

o(B)x, = d(B)Vx, = 6, + 6(B)a, (2.75)
where: $(B) =1 — ¢yB — $,B* — -+ — $,BP
6(B) =1~ 6,B — 6,B% — - — 6,BP

The operator ¢(B) = $(B)V? is the generalized nonstationary autoregressive
operator, ¢(B) is the autoregressive operator which is assumed to be
stationary so that the roots of ¢(B) lie outside the unit circle and 6(B) is the
moving average operator with roots 68(B) = 0 outside of the unit circle so that
itis invertible. The ARIMA(1,1,1) process which incorporates the autoregressive
part, differencing and moving average is of the form Vx, — ¢,Vx,_; = a; —
61a;y = (1—$,B)Vx, = (1 - 0,B)a;
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2.5 Spectral Analysis of Time Series
2.5.1 Fourier Transform

Fourier transform is a mathematical technique that transforms a
function of time or space into a function of frequency. It decomposes a
complex signal into its constituent frequencies, which is helpful in
understanding and manipulating signals in various applications. It expresses a
function as a continuous integral of trigonometric or exponential
functions(Osgood, 2019). The imaginary unit is a component in expressing
both sine and cosine functions in a unified way through Eule’s formula (e =

cos(8) +isin(@) and its reverse cos(6) = %(e"e +e”9), sin(@) = %(e“9 —
e~19)). The fourier transform of a non-periodic function f(t) is defined as:

e (2.76)
F(w) = ff(t)e‘iz’m’tdt

Transforming now F(w) into f(t) is the inverse fourier transform and is defined
as:

o0 2.77)
f(t) = fF(w)eiZ”“’tdt

— 00

According to (Korner, 2004) there in not only one definition for the fourier
transform and the different variations are summarized in the following
equation:

0 (2.78)

Where A =2, B = +1
A=1,B=+2nm
A=1,B=+1

The fourier transform exists for certain classes of functions. The conditions for
the existence of the fourier transform depend on the properties of the function
being transformed. The function must be integrable over its entire domain and
should be finite meaning ffooof(t)dt < oo and the function f(t) should be

piecewise continuous. This means that it can have a finite number of
discontinuities (Bracewell, 2000). For the case that function f(t) is real-valued
and even, meaning f(t) = f(—t) then F(w) is also an even function and fourier
transform simplifies to:

21



2 Theoretical Background

0 0 (2.79)
F(w) = f f(t) cosunwt) dt = 2 f f(t) cos(Rnwt) dt
— o0 0
and the inverse fourier transform is:
e e (2.80)
f() = f F(w) cos(2nwt) dw = Zf F(w) cos(2nwt) dw
—o0o 0

For the case that function f(t) is periodic with period 1, fourier transform for
any non integer value of w, is set to zero. This is a case where w takes only k
integer values, t is defined at (e.g. [—1/2, 1/2]) the fourier transform is:

1/2 (2.81)
-1/2

the inverse transform becomes a summation:

© (2.82)
f(t) — Z eriZn'kt

k=—o0

If £ (¢) is an even function for the case of f(t) being a periodic function of period
1, the transformation simplifies to the Fourier cosine transform:

1/2 1/2 (2.83)
F, = f f(t) cos(2mkt) dt = 2 f f(t) cos(2mkt) dt
-1/2 0

and the inverse transform:

w G (2.84)
£(b) = z F, cos(2mkt) = Fy + 2 Z cos (2mkt)
k=1

k=—o0
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2.5.2 Power Spectrum

Generally, the power spectrum of a signal represents its frequency content. It
provides insights into the distribution of power across different frequencies in
the signal and it is useful for understanding the periodicities and dominant
frequencies present in a time series.(Bloomfield, 2000) The power spectrum is
derived from the Fourier cosine transform of the autocovariance function. For
a stochastic process x, in discrete time, with autocovariance function c, =
Cov[x;, Xr4y], the inverse finite fourier transform of the autocovariance function
is the power spectrum s(w), w € [0,1/2]. Autocovariance is an even function
meaning ¢, = c_,

°° °° (2.85)
s(w) =2 Z ¢y cos(2mnw) = 2¢q + 42 cy cos(2mnw)
n=1

n=—o

And the inverse formula is:

1/2 (2.86)
Cy =f s(w)cos (2rnw)dw

0

In the case where a time series is used to compute the power spectrum,
according to classical estimates for the autocovariance the equation is:

o (2.87)
E:] = ZZ(xT - })(xr-i-n - E)

=0

And this proves that the power spectrum s(w) is equivalent with the
periodogram for each discrete frequency w = k/n with k being a positive
integer < n/2. Respectively we can use the autocorrelation p, rather than the
autocovariance c, and the corresponding function is:

o (2.88)
p(w) =21+ Z prcos (2mnw)
n=1
is called the spectral density function and has the property:
(2.89)

1/2
f p(w)dw =1
0
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2.6 Sample Statistics

Sample statistics are numerical measures that provide insights into the
characteristics of a sample of data. A statistic is a function of observable
random variables, which does not contain any unknown parameters. These
statistics summarize and describe the main features of a dataset such as the
mean, variability and distribution. Let X; X, X, be a random sample. The rth
sample moment about 0 denoted by M;. is:

1< (2.90)
i=1
If r = 1 we get the sample mean denoted by X, that is:
1 (2.91)
X = —Z Xi
n .
=1
The rth sample moment about X denoted by M, is:
1< B (2.92)
Mo == (X=X
i=1
The sample variance from a random sample X; X, X, is defined to be:
(2.93)

n
1 Z _
SZ :m (Xl'—X)Z
i=1

The first sample moment is the sample mean, which is a function of the random
variables X; X, _X,. If the random sample from a density f(-) has a mean u and
finite variance o2 then:

E[X] =Ug = U (2.94)
and
_ 1 )
var[X] = of = ;az (2:95)

Equation (2.94) tells us that on average X the distribution of X is centered about
u. Equation (2.95) says that the spread of the values of X about y is proportional
with the sample size that is for small sample sizes the variance is larger than
of that of a bigger sample size (e.g. the variance of a sample size of 50 is two
times bigger than that of a sample size of 100). The larger the sample size, X
tends to be more concentrated around p.
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For the autocovariance estimation there is a downward bias (Salas, 1980) and
the typical estimator of the lag n autocovariance is:

L (2.96)
&y == ) (e = ) Gren = D)
=1

All the above classical statistical estimates have been used in hydrologic time
series as tools to approximate various statistical results through available data
time series or to approximate various parameters of stochastic models. The
above estimates however, are used in cases where the samples come from
independent and identically distributed random variables, which is not the case
for hydrologic processes which have a physical underlying mechanism. We will
now focus on (Koutsoyiannis, 2003) paper, who revisited these terms and under
a simple scaling stochastic process or simple scaling signal reconstructed the
statistical estimates as to respect the Hurst effect. The hydrometeorological
processes exhibit scale invariant properties at any scale greater than annual
with equation(Koutsoyiannis, 2002):

I H (2.97)
(k) _ ©)
(1) = () (4"
The variance of the aggregated process fori =j =1=11s:
yék) — var[Zi(k)] = k2Hy, (2.98)
Using equation (2.93) and observing X = Zf")/n we get:
_ o2 (2.99)

var [X] = m

In the case of H = 0.5 we get the same equation as classical statistics, but in
hydrologic time series where H > 0.5 and for fixed H the variance is
dramatically higher which results which result in difference in other statistics
too. The variance becomes:

n—1 1 n (2.100)
2 2 V2
S _n_nZH—1S _n_nZH—lz(Xi_X)
i=1
The corresponding autocovariance is:
. 1 ., n-1 (2.101)
th =Gy + nZH—ZS =G + n3-2H _ nS
And the autocorrelation function is:
& 1 1 (2.102)
P=a =P\ ==t ==z
S2 n n
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It is shown (Koutsoyiannis, 2003) that the classical autocorrelation is lower
than the theoretical values and after a number of lags disappears, which
doesn't reflect the Hurst effect. Contradictory the new estimator is very close
to the theoretical one and exhibits the long-term persistence of the process.
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3. Methodology

3.1 Symmetric Moving Average

(Koutsoyiannis, 2000) developed and implemented a generating scheme for
either single variable or multivariable simulation and forecast, which is either
for short term or long- term memory processes and preserves the Hurst
coefficient. This scheme incorporates short and long memory models. As
aforementioned in Section (2.4) a stochastic process can be formed as an
infinite summation of independent and identically distributed random variables
V; (white noise):

0 (3.1)
Xi = Z a_jVH_j =+ a2Vt_2 + ath_l + aovl'

j:—OO

Where X; is the random variable at time i and a; are coefficients which can be
found from the sequence of the autocovariance y; (Box et al., 2008).

(3.2)

oo
Z ajdivj =VYi

j=0

This model is known as Moving Average or specifically Backward Moving
Average model. In practice there is no need to define X; as an infinite
summation rather than a limited summation because it is computationally
impossible to produce infinite terms and from a certain point and beyond these
terms can be neglected because as j » —oo a_; decreases (Koutsoyiannis,
2000). With that said (3.1) can be written as:

0 (3.3)
Xi = Z Cl_jVH_j = aSVi_S + e+ aZVi_z + alVi_l + aOVi

j==s

And the sequence of the autocovariance:

s—i
Z ajdivj =VYi
j=0

The population of a; j=0, 1, 2,...,s coefficients depends on simulation length and
the accuracy of the model and the decay rate of the autocovariance function
(Koutsoyiannis, 2000). By generalizing (3.1) we can relate X; with previous and
next white noise error terms V; and we conclude in a Backward-forward moving
average scheme (Koutsoyiannis, 2000) described by:

(3.4)
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i (3.5)
X; = z a_jVizj=-+taViog +agli +a,Vigg + azViyp +

j=—o00
and the coefficients a; are found by:

0 (3.6)

z ajdi+j =VYi

j:—OO

BFMA model (3.5) is a generalized form of the Backward Moving Average (3.1),
which contains infinite possible solutions i.e. number of a; combinations
satisfying (3.6). For the case that a; = 0 for j < 0 BFMA deduces to BMA and
for the case that a;; = a; Vj > 0 we have the Symmetric Moving Average
(SMA) (Koutsoyiannis, 2000) with equation:

% (3.7)

Xe = Z ayiVi+j

j:—OO
=+ aVi_,+a;Vi_1 +aVi +aVig1 +ayVigs
+ coe

And the coefficients q; are associated to y; with the equation:

© (3.8)

Z A1 Xi+j) = Vi

j:—oo
With infinite white noise error terms and with limited parameters:

s (3.9)

Xe = Z aj\Vivj

j=-s
= aSVi_S + -+ a1Vi_1 + a0Vi + aIVH_l + .-
+ asVi+s

and the coefficients a; are related to y; with equation:

s—i (3.10)

Z Aj1Hij) = Vi

j==s

Despite the computation of the coefficients a; either in the BMA model or the
SMA model, it is necessary to compute the statistical characteristics of the
random variable V;(Koutsoyiannis, 2000). Then we define the mean u, = E[V],
the variance of the random variable var[V;] = 1 and &, = E[(V; — u,,)3] which is
the coefficient of skewness. Respectively the statistical characteristics of the
random variable X; is the mean uy = E[X;], the variance of the random variable
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var[X;] = v, and the skewness coefficient &y = E[(X; — py)3]. For the BMA
model these parameters are related by:

s (3.11)
z aj |hy = Ux
j=0
s (3.12)
> @ e =&
j=0

And for the symmetric moving average model the parameters are related by:

s (3.13)
ap + Z aj |y = Uy
j=1

s (3.14)
a8+22aj3 $v :€XV03/2
j=1

The advantages of the SMA model over the BMA model according
to(Koutsoyiannis, 2000) is that the SMA approach has a closed-form solution
for determining a; coefficients in contrast with the BMA that has only numerical
solutions. The coefficient of skewness of the white noise terms in the SMA
model is lower than that of the BMA model which means it better preserves
skewness. Also, the a; coefficients of the SMA model for large values of j are
smaller than those of the BMA model, tested in both Markovian and FGN
process and because of that we can neglect a; coefficients of the SMA model
for j > s (finite summation variant).

The coefficients a; of the SMA model can be approximated using the power
spectrum of the X; process. Let s,(w) denote the power spectrum of the
process X; which is the discrete fourier transform of the autocovariance series

Yj
(3.15)

sy(w) = 2y, + 42)/]- cos(mjw) =2 Z ¥; cos(2mjw)
— .

j= j=—o00

and the power spectrum of the a; coefficients:
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0 0 (3.16)
sg(w) = 2ay + 42 a; cos(2mjw) =2 2 a; cos(2mjw)
j=1

j=—00

sq(w) and s, (w) are related by:

sq(w) = /ZSy(a)) (17)

The solution of the a; coefficients can be found with the inverse transform

1/2 (3.18)
a; = f Sq(w) cos(2mjw) dw
0

In the case of FGN process (Koutsoyiannis, 2002) the sequence of the q;
coefficients can be approximated using equation:
V(2 —2H)y, . (3:19)

a0=—1.5_H forj=20

And forj >0

Qo
a.

: . . 3.20
;i ~ - [( + 1)H+05 4 (j — 1)H+05 — 2jH+05] (3.20)

3.2 Hurst-Kolmogorov process

As aforementioned a stochastic process can be either continuous or discrete
meaning that it either describes a system over a continuous time or at distinct
points in time. The difference is that the underlying parameter, time in our case,
takes values from a continuous set or from a discrete set respectively. In nature
all the atmospheric and hydroclimatic processes are being evolved in
continuous time so its logical we model them as continuous stochastic
systems. First we will define some properties of stochastic processes of the
cumulative process X(t) and the discrete process x,(Koutsoyiannis, 2021).

The discrete time process x; is:

D0

Xr =7 f x(w)du (3.21)

(t—1)D

where D is the time step of the continuous time interval. The cumulative
process X(t) is:
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t

x® =5 [ xeau (3.22)

0

The discrete time process representation is:

D

v =3 [ xw=

(t-1)D

X(tD) — X((r — 1)D)
D (3.23)

And the discrete time process representation at multiple time scales:

TkD

1
) =— | xwdu-
(t—-1)kD

X(zxD) — X((z — DxD)
kD (3.24)

(1)

Xt ) = Xt

The observations of the hydroclimatic processes and the generation of
synthetic time series are made of discrete-time data, but, because these
processes are being evolved in continuous time, we have to derive discrete time
processes from the continuous ones and take account of the discretization.

The variance at time t is the cumulative climacogram:

r(t) = var[X(©)] = t2y(t) (3.25)

And the variance at time scale k of the time averaged process is the continuous
time climacogram (D Koutsoyiannis, 2017):

y(k) = var

X()] k)
Tl_ k2 (3.26)

The climacogram was introduced by (Koutsoyiannis, 2011) and its advantages
where studied by (Dimitriadis and Koutsoyiannis, 2015) against the
autocovariance function and the power spectrum of either a markovian or
Hurst-Kolmogorov process. One major advantage is that the climacogram is
not affected by discretizing a continuous process because the equation
characteristics are similar in either case (Koutsoyiannis, 2017). The
climacogram is also proved to have the smallest estimation error among the
autocovariance and the power spectrum and also its bias can be estimated by
an analytical equation. The autocovariance of a continuous stochastic process
of time lag h is related to the climacogram (Koutsoyiannis, 2016) with
equation:

1d?r(h
c(h) = cov[x(t),x(t + h)] = > dh(z )

(3.27)
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The power spectrum s(w) is defined as the cosine Fourier Transform and the
inverse:

[00] (0]

s(w) = 4[ c(h) cos(2nwh) dh, c(h) = f s(w)cos(2nrwh)dw  (3.28)

0 0

The discrete time autocovariance of time lag h(Koutsoyiannis, 2016) is:

1 (I (n+1ID)+I'(In—1|D) 3.29
‘, :ﬁ< ! — I'(InID) 329
And it's related to the discrete power spectrum with:
© 1/2
(3.30)
sq(w) = 2¢o + 4 Z ¢y cos(2mnw) , ¢, = f sq(w) cos(2mwn) dw
n=1 0

General properties and second order characteristics of continuous and
discrete time process can be found in (Koutsoyiannis, 2021). The Hurst-
Kolmogorov process is attributed to (Hurst, 1951) who introduced this idea
while working on the statistical properties of hydrological time series and to
(Kolmogorov, 1940) who developed a similar mathematical process. The
continuous Hurst-Kolmogorov process described by its climacogram is:

a)Z-ZH (3.31)

v =2(;

Because the instantaneous variance of the process is infinite, the process in
discrete time is not physically possible and that is why we construct the
average process which behaves well, meaning it has finite properties

(Koutsoyiannis, 2016). For H = % the process becomes white noise, for ¥ <

H < 1 the process is persistent (long-range dependence) and for 0 < H < %the

process is antipersistent. In the latter case, in the autocovariance function for
time lag h = 0 we get the variance of the process c(0) = +oo. For time lag h >
0 autocovariance is negative c(h) < 0 which for natural processes is not
feasible. That's why the Hurst-Kolmogorov can reproduce these processes at
1/2 < H < 1inlarge scales.

Table 3.1: Second order characteristics of Hurst-Kolmogorov process at
continuous and discrete time adapted from (Koutsoyiannis, 2016).

Property Formula Eq.
Variance

Continuous Time

process Yo =v(0) =c(0) = +o0 (3:32)
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Averaged process at

— 2—-2H
scale (climacogram) y(k) = A(a/x) (3:33)
Autocovariance function
c(h)
2—-2H

[ AHQH - 1) (%) . H>1/2

Continuous time, lagh  _ ! s (2) H=1/2 (3.34)
2-2H h
(AH(2H - 1) (%) +6"@ 1 <1/2

¢ = A(a/pyr-2# (U= 2+ + 12"
Discrete time, lag n = 7 2
n/D (3.35)
- |J'|2H)
Power Spectrum
i i 2aAl'(2H + 1)si H
Continuous time freq. s(w) = all’( )sin (H) (336)

w v (2maw)?i-1

The above functions describe a simple scaling law(Koutsoyiannis, 2017,
Koutsoyiannis, 2021, 2016), when plotted in double-logarithmic plot, are
presented as straight lines and the slope equation is:

_d(lny(4)) _ 4y'(4)
ri(4) = d(ind) _ y(d)

(3.37)

For the climacogram and respectively c¢#(h) and s*(w) for the autocovariance
and power spectrum. It is shown (Koutsoyiannis, 2016) that the HK process
maintains all the log-log derivatives of the second order properties constant for
any scale, lag and frequency, while in other processes these slopes vary with a
change of scale, lag or frequency. In order to handle some inconsistencies of
the HK process (Koutsoyiannis, 2016) proposed an alternative process (Hybrid
HK) based on its climacogram described by a Cauchy type equation:

y() = A(1 + (rc/a)?M)H-D/M (3.38)

In this form, a second parameter M is introduced defined in the interval [0,1]
which describes local properties of the process while H describes its global
properties. The variance of the Hybrid HK process is in this case finite y(0) = 1
and by introducing a second parameter k the model can achieve for small time
scales a Markov type behaviour and for large time scales Hurst behaviour in
analogy of the set of the parameters. Other types of HK process can be found
in (Koutsoyiannis, 2017) described by their climacogram such as:
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The Dagum-type (FHK-D) climacogram:

vk =21 — (1 + (k/a)2(H — 1))M/(H — 1) (3.39)

The mixed Cauchy-Dagum type (FHK-CD) climacogram:

Y(k) = 11(1 + k/al)ZH—Z + /‘{2(1 _ (1 + az/k)_ZM (340)

In the case of a Hurst-Kolmogorov Process with H > 0.5 the q; coefficients of
the SMA model, can be calculated analytically (Koutsoyiannis, 2016) through
equation:

_ | 2rQH + Dsin(@H)y(D) (|j + 1|"+1/2 4 |j — 1|H*1/2
Y= T2(H + 1/2)(1 + sin(zH)) 2 (3.41)

_ |j|H+1/2>
Where I is the gamma function, and H the Hurst index.

3.3 Extension of the Symmetric Moving Average

In this present thesis we will refer and use also the extension of the SMA
model derived by (Dimitriadis and Koutsoyiannis, 2018), which preserves its
first four central moments which is found to be useful in cases where there is
intermittent data (e.g. rainfall data, seasonal river discharge). These high order
central moments will be found theoretically by choosing a distribution function
which will be fitted in data.

Classical statistics as aforementioned assume independence of the
variables, which is not the case for hydrological processes, therefore it is
required much larger samples to obtain estimates of similar reliability with
classical statistics and it is suggested that it should be avoided using classical
moments of order g > 2 (Lombardo et al., 2014). Also (Dimitriadis and
Koutsoyiannis, 2018) showed that for an HK process, with H = 0.8 to estimate
the average of the process with an error approximate to 10%c we will need a
time series of length n = 10°. In (Koutsoyiannis, 2021) (Digression 4.B) proves
with a simple numerical problem that the estimators of the noncentral
moments /i, are not a knowable quantity and we cannot define its value from a
sample. Therefore, we will calculate theoretically from a chosen distribution
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function their moments and preserve these moments in the simulation. The pth
moment of the SMA model is:

! (3.42)
Elx’] = E z @j|Vi+j
j=—1
Forp = 4 we get:
I 4
41
Elx!] =E z a1j|1Vi+j (3.43)
j=-1
l -1 l
— 4 4 2 2
= E[v*] Z aj) + 6 z 2 afj| i
j=-1 j=—lk=j+1
Extending to the fourth central moment the coefficient of kurtosis is:
l 2 )2 -1 v 2 2 3.44
C,, = (Zj=afy) Co—6 j=—1 Zik=j+1 4 ik (3.44)
v 1 X 1
(Zj=—afy) Xj—14jj)

Where Cy, is the coefficient of kurtosis of x. As an example (Dimitriadis and
Koutsoyiannis, 2018) applied the symmetric moving average scheme using
various two-parameter distributions and preserving the first four moments to
white noises processes and found that this methodology can approximate very
well the theoretical distribution. Current stochastic generation schemes can
hardly deal with non-Gaussian distributions and can hardly handle moments
higher than second order. The SMA scheme can approximate the probability
density function by preserving the first four central moments which is sufficient
for various distributions used in geophysical processes. The coefficients a; of
the SMA scheme are numerically calculated through the Fourier transform of
the discrete power spectrum of the coefficients which is related to the discrete
power spectrum of the process (Koutsoyiannis, 2000):

sq(w) = /254(w)

where sj(w) and s;(w) are the power spectra of the SMA coefficients and of
the discrete time process respectively. The steps we followed were:

a) Remove the mean and divide by the standard deviation for each time

series, in order to create a dimensionless data set (this is done because
the Generalized HK model cannot handle the periodicities of the data).
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b) Create the climacogram for each dimensionless time series and find
Hurst Index.

c) Estimation of the first four central moments from the dimensionless time
series.

d) The parameters of the GHK model that were the input of our model are:
the mean value, the standard deviation, the coefficient of skewness, the
coefficient of kurtosis, Hurst index and the length of the time series.

e) Synthesis of standardized time series through the SMA scheme and GHK
model.

f) Add the mean value and multiply with the standard deviation to remove
the standardization from the synthetic time series.
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4. Applications

4.1 Case Study and Energy Harvesting

The global transition towards renewable energy sources is an imperative
need to secure sustainable energy access. For island communities, the
significance of renewable energy is even more pronounced due to their limited
land availability and dependence on imported fossil fuels. Island communities
face unique energy challenges due to their geographical isolation and reliance
on imported fossil fuels. Achieving energy independence is not only a strategic
goal for reducing dependence on costly imports but also a means of enhancing
resilience to external shocks. In this project we explore the stochastic nature
of renewable energy resources, emphasizing the need to assess them through
data driven methodologies for the quantification of energy resources essential
for achieving energy independence on islands. The methodology discussed is
implemented in three different time series of meteorological data of the island
of Astypalea which includes, Solar irradiance, Wind speeds and Wave heights
and the statistical characteristics of the results of the stochastic simulation are
compared with the ones of the historical time series to assess the efficiency of
the model to provide adequate results.

Renewable energy resources comprise a group of diverse sources such
as solar, wind, waves and hydroelectric. Unlike fossil fuel, renewable sources
derive their energy from natural processes that are continuously replenished
making them inexhaustible. However, one of the primary challenges associated
with renewable energy is its stochastic nature, characterized by variability and
intermittency. Solar, wind and wave energy, for instance are highly dependent
on weather conditions, resulting in fluctuations in energy generation. This
inherent variability poses challenges for integrating renewable energy into
existing grids. To quantify and harness the potential of renewable energy
resources  effectively, stochastic approaches are indispensable.
Meteorological data, such as solar irradiance, wind speeds and wave heights
provide valuable insights into the temporal and spatial distribution of renewable
energy resources. For example, a comprehensive energy assessment of an
island may reveal abundant solar potential, making solar photovoltaic systems
a viable solution for meeting a significant portion of its electricity demand.
Wind energy assessments could identify favorable locations for wind farm
installations, taking into account factors such as wind speed and terrain.
Moreover, integrating multiple renewable energy sources into hybrid energy
systems can enhance reliability and resilience, leveraging the complementary
nature of different resources to mitigate variability and ensure a stable power
supply.

The transition towards renewable energy requires an approach
encompassing technological innovation, policy support and community
engagement. Governments and policymakers play an important role in creating
enabling frameworks that promote renewable energy investments, energy
efficiency measures and facilitate grid modernization.
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Astypalea island is located in the Southern Aegean Sea as part of the
Dodecanese island group of Greece. Spanning an area of approximately 97 km?
and the coastline extends over 110 km, the island’s landscape is characterized
by rugged cliffs, rolling hills and coves, all contributing to its distinct
geomorphology. Geologically, Astypalea is primarily composed of limestone
and volcanic rocks, shapes over time by seismic activity and erosion processes
(XPIZTOAQYAOQY). This geological makeup has given rise to a diverse terrain,
featuring rocky outcrops, fertile valleys and limestone formations. The island'’s
Mediterranean climate ensures hot, dry summers and mild winters, with over
300 days of sunshine annually.

Astypalea is home to a permanent population of approximately 1300
residents, primarily concentrated in the main town and several coastal villages.
Tourism plays a significant role in Astypalea’s economy, particularly during the
summer months when the island experiences a notable influx of visitors.
According to the Hellenic Statistical Authority in 2018 there was more than
11000 arrivals of visitors in the island with average overnight stays of 4 days.
This means that in summer in certain periods the total population of the island
is doubled and that results in the majority of the energy consumed to cover
needs for tourists rather than the permanents residents.

RED CLIFF @&
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Npoowpnd kAT

Figure 4.1: Island of Astypalea

In this project we will use three historical time series covering wind speeds,
wave heights and solar irradiance of the island of Astypalea and we will
compare the historical statistical characteristics with the simulated ones in
order to quantify the uncertainty. These datasets where acquired from the
Hellenic National Meteorological Service. The proposed model and the
statistical description of the results could help in cases where there is need to
decide what renewable energy resources could be used in cases such as
Astypalea, either if it is solar panels, wind turbines or wave generators or a mix
of the above technologies. These technologies will be explained further in the
next section.

Solar Irradiance can be harvested through solar panels (photovoltaic
panels) which generate electric current in certain materials when exposed to
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light. The basic components of a solar panel include a) photovoltaic cells,
which are the building blocks of solar panels. Typically made of semiconductor
materials, these cells absorb photons from sunlight, exciting electrons and
creating an electric current. Metal contacts, located on the top and bottom of
the cell, metal contacts facilitate the flow of electrons generated by the
photovoltaic effect. Anti-reflective coating, a layer on the top surface of the cell
reduces reflection of sunlight, allowing more photons to enter and be absorbed
by the semiconductor material(Zaidi, 2018). Finally solar cells are encapsulated
within a protective material such as tempered glass and polymer to shield them
from environmental factors and ensure durability.

Figure 4.2: Photovoltaic Panels Setup

When sunlight hits the photovoltaic cells, it knocks electrons loose from their
atoms, allowing them to flow freely. This flow of electrons creates an electric
current, which can he harnessed for various applications.

Solar panels come in different types, each with its unique characteristics and
applications. Monocrystalline solar panels are made from single-crystal silicon,
giving them a uniform appearance. The offer high efficiency and power output,
making them suitable for limited roof space installations, they are durable and
have a long lifespan. Polycrystalline solar panels are manufactured from
multiple silicon crystals, giving them a blue appearance. They are less
expensive to produce than monocrystalline panels making them a cost-
effective option. Although slightly less efficient than monocrystalline panels,
they still offer good performance and are suitable for large scale installations
where space is not a constraint.
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Figure 4.3 Types of Solar Panels

Thin-film panels use thin layers of photovoltaic material deposited onto
a substrate such as glass, plastic or metal. They are lightweight and flexible,
allowing for easy integration into various applications such as building-
integrated photovoltaics. Thin-film panels have lower efficiency compared to
crystalline silicon panels but perform better in low light conditions. They are
cost-effective to produce and are increasingly used in large-scale solar farms
and portable solar chargers.

Lastly bifacial solar panels can capture sunlight from both sides,
maximizing energy generation. They have transparent backsheets, allowing
sunlight to pass through and be reflected onto the rear side of the panel,
increasing overall efficiency. Bifacial panels are suitable for installations with
reflective surfaces or elevated mounting structures(Kenu E., 2020). They offer
increased energy yield compared to traditional monofacial panels but come at
a higher cost.

While all solar panels work on the same basic principle of converting sunlight
into electricity, they differ in terms of efficiency, cost, durability and suitability
for various applications.

1) Efficiency: Monocrystalline panels typically have the highest efficiency,
followed by polycrystalline and thin film. Bifacial panels offer increased
efficiency due to their ability to capture sunlight from both sides.

2) Cost: Polycrystalline panels are generally more affordable than
monocrystalline panels, making them a popular choice for large-scale
installations. Thin film panels offer a cost-effective alternative,
especially for applications requiring flexibility and lightweight design.

3) Durability: Monocrystalline and polycrystalline panels are known for
their durability and long lifespan. Thin film panels have shorter lifespans
and may degrade faster over time.

4) Applications: The choice of solar panel type depends on the specific
requirements of the application. Monocrystalline panels are suitable for
residential rooftops and small scale installations where space is limited.
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Thin film panels are preferred for portable applications and building-
integrated photovoltaics and bifacial panes are ideal for commercial and
utility-scale installations where maximizing energy vyield is
paramount(Vodapally and Ali, 2022).

Wind energy can be harvested through Wind turbines. Wind turbines operate
on the principle of converting kinetic energy from wind into mechanical power,
subsequently transformed into electricity. The basic components of a wind
turbine include the rotor blades, hub, generator, gearbox and tower. The rotor
blades are aerodynamically designed blades which capture wind energy. Blade
length and shape significantly influence turbine efficiency. The hub is the
connection of the blades with the rotor shaft, transmitting rotational energy.
The generator converts mechanical energy into electricity and the gearbox
increases rotational speed to optimize generator performance. The tower
provides height to maximize wind exposure. When wind strikes the rotor blades,
it causes them to rotate. The kinetic energy from the rotating blades is
transferred through the shaft to the generator. Then the generator converts this
mechanical energy into electrical energy, which is subsequently transmitted to
the power grid.

low-speed shaft

gear box
blades — > /
rotor — \%nacelle

generator

high-speed shaft

tower ——>

Figure 4.4: Wind Turbine Basic parts

Wind turbines can be classified based on various factors, including axis
orientation, size and design. The two major types are horizontal axis wind
turbines and vertical axis wind turbines. The first is the most common used
type, where, blades rotate around a horizontal axis, is efficient in moderate to
high wind speeds and some require a rotating mechanism to adjust to wind
direction changes. The latter is suitable for areas with turbulent or inconsistent
wind patterns(Konstantinidis and Botsaris, 2016). Its blades rotate around a
vertical axis and it is less efficient than horizontal axis wind turbine but offer
advantages in certain scenarios. Each type of wind turbine possesses distinct
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characteristics, influencing performance, efficiency and suitability for various
environments.

1) Size and Capacity: Horizontal axis turbines have larger capacities and
are commonly used in utility-scale projects while vertical axis turbines
have smaller capacities and are utilized in smaller-scale applications,
such as residential or remote locations.

2) Efficiency and Performance: Horizontal axis turbines exhibit higher
efficiency, especially in consistent wind conditions, rather than vertical
axis turbines which are more suitable in areas with turbulent winds due
to their omnidirectional blade orientation.

3) Cost and Maintenance: Horizontal axis turbines often require higher
initial investments but may offer better economies of scale in large-scale
projects. Vertical axis turbines have lower upfront costs and potentially
lower maintenance requirements due to simple design.

4) Adaptability to wind conditions: Horizontal axis turbines may require a
rotation mechanism to adjust to wind direction changes ensuring
optimal performance. Vertical axis turbines may be more adaptable to
varying wind directions without the need for complex
mechanisms(Wagner, 2018).

Advancements in wind turbine technology continue to drive improvements
in efficiency, performance and reliability. An example is, floating wind turbines
designed for offshore installations, floating turbines utilize buoyancy systems
to remain afloat and are advantageous in cases where there is limited land
area. Multi rotor turbines incorporate multiple rotors on a single tower,
potentially increasing energy capture efficiency and reducing land footprint. As
technology continues to evolve, ongoing innovation promises further
enhancements in efficiency, performance and environmental sustainability in
the field of wind energy.

Wave energy can be harvested through wave generators. Wave energy
derived from the kinetic and potential energy of ocean waves, presents a
promising avenue for renewable energy generation. Wave generators, also
known as wave energy converters, are devices designed to capture and convert
wave energy into electricity. Wave generators operate based on several
fundamental principles of wave energy conversion. The most common
mechanism involves the conversion of the oscillatory motion of waves into
mechanical or hydraulic energy, which is transformed into electricity through
generators(McCormick, 2007). Key components of wave generators include
wave absorbers, power take-off systems and electrical conversion units.
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Figure 4.5:
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Wave Generator

Wave absorbers are the first point of contact between the incoming
waves and the wave generator. They are designed to capture the energy from
the waves and convert it into mechanical or hydraulic energy. Depending on the
type of wave generator, wave absorbers may take various forms, such as
oscillating water columns, floats, or submerged structures. Electrical
generation units consist of generators and associated components necessary
for converting mechanical energy into electricity. Many wave energy converters
utilize buoyant structures to float on the surface of the water and interact with
the incoming waves. Mooring and anchoring systems are essential for securing
wave generators in place and preventing them from being displaced by wave
action.

These systems typically involve anchors, cables and attachment points
that connect the wave generator to the seabed or other fixed structures. Control
and monitoring systems are responsible for optimizing the performance of
wave generators and ensuring safe and efficient operation(Falcdo, 2010).
These systems include sensors for measuring wave height, frequency and
direction as well as control algorithms for adjusting the operation of the device
in response to changing environmental conditions. Understanding the interplay
between these key components is essential for designing efficient and reliable
wave energy converters capable of harnessing the potential of ocean waves for
renewable energy generation.

Main types of wave generators consist of: oscillating water columns

which utilize the vertical movement of water columns within a chamber to drive
air turbines. As waves enter the chamber, the water level rises and falls, causing
the air trapped above to oscillate and drive the turbine.
Point absorbers are buoyant devices tethered to the seabed, designed to
absorb wave energy from multiple directions. These devices oscillate or rotate
in response to wave motion, driving hydraulic or mechanical systems to
generate electricity. Point absorbers are adaptable to various wave conditions
and can be deployed in offshore or nearshore environments.

Attenuators, consist of multiple floating segments connected by flexible
joints. As wave pass through the device, the segments move relative to each
other, converting wave energy into mechanical motion. Attenuators offer high
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energy capture efficiency and are suitable for locations with moderate to high
wave intensity. Wave generators offer several advantages, including renewable
resource availability, low environmental impact and potential for energy
dependence(Falcao, 2010). However, there are challenges with these solutions
such as high installations and maintenance costs, variable wave conditions and
technological limitations.

4.2 Application to Wave Height

Our data included three times series of 7 years period (wind speed, wave
height and period) and one time series of 1 year of solar irradiance. We will
present for each time series the histogram of the historical series as well as
the statistical characteristics of the historical and the simulated ones. We will
also present each climacogram and the average values per month per hour of
each dataset. Before applying the methodology we standardized the timeseries
because the GHK cannot handle the periodicity and we created the
dimensionless climacogram and estimated the first four statistical moments.
The procedure that was followed to created the synthetic time series is, for
each data set we calculated the first four statistical moments and the
climacogram. These findings were the input of our model in order to create the
synthetic time series via the Symmetric Moving Average scheme and the GHK
model which is a special case of the HHK model. In the next sections we will
present these findings. The generated time series have length of 30 years.

Table 4.1: Statistical Characteristics of Wave Height

Historical Synthetic
Average 0.97 0.98
Standard Deviation 0.77 0.77
Skewness 1.61 1.53
Kurtosis 3.38 3.60
Min Value 0.02 0.03
Max Value 5.94 7.35
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Histogram of Historical Wave Height
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Figure 4.6: Histogram of Historical Wave Height

Histogram of Simulated Wave Height
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Figure 4.7: Histogram of Simulated Wave Height

As we can see from Table (4.1), the SMA scheme well preserved the first four
central moments of the wave height dataset. The maximum value of the
simulated wave height differed from the maximum value of the historical one
and that is due to the greater length of the simulation comparing with the
historical one. The main bodies of the histograms are the same except the
maximum values, which in the case of the simulation we find larger values.
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Table 4.2: Average Historical Wave Height per Month per Hour

Jan Feb Mar Apr May Jun Jul Sep Aug Oct Nov Dec
0 1.07 119 1.05 097 0.69 098 1.22 1.14 1.02 0.82 0.92 0.99
1 1.08 119 1.04 098 0.68 098 1.20 1.12 1.02 0.82 0.92 0.99
2 1.07 118 1.04 099 0.68 098 1.19 1.11 1.02 0.82 0.93 1.00
3 1.07 117 1.02 1.00 0.68 097 1.16 1.09 1.00 0.83 0.92 1.00
4 1.06 1.17 1.01 1.00 0.67 095 1.13 1.07 0.99 0.85 092 1.01
5 1.06 1.17 099 1.00 0.66 094 1.10 1.05 097 0.86 0.91 1.01
6 1.05 1.16 098 099 0.64 091 1.07 1.03 096 0.85 0.90 1.02
7 1.04 115 097 098 0.63 0.89 1.05 1.01 094 0.84 0.89 1.03
8 1.04 114 097 097 062 086 1.03 099 092 0.84 0.89 1.04
9 1.03 1.13 097 095 0.61 0.84 1.02 098 091 0.84 0.88 1.05
10 1.03 1.12 098 094 0.60 0.83 1.03 0.97 091 0.83 0.88 1.06
11 1.03 1.12 098 093 0.60 0.82 1.03 0.97 091 0.84 0.87 1.07
12 1.06 1.14 099 093 0.61 0.82 1.05 098 093 0.84 0.87 1.07
13 1.06 1.16 1.03 093 0.62 0.83 1.08 1.00 0.96 0.84 0.88 1.08
14 1.06 1.17 1.04 092 0.62 0.84 1.10 1.02 099 0.84 0.88 1.08
15 1.05 1.16 1.05 092 0.63 0.8 1.13 1.04 1.00 0.85 0.88 1.07
16 1.05 1.18 1.05 094 0.64 0.87 1.15 1.07 1.01 0.85 0.88 1.06
17 1.05 1.19 1.06 094 0.65 0.89 1.18 1.10 1.02 0.84 0.88 1.04
18 1.05 1.17 1.06 095 0.66 090 1.20 1.12 1.02 0.84 0.88 1.03
19 1.05 117 1.05 096 0.67 092 1.22 1.13 1.02 0.84 0.89 1.02
20 1.05 1.18 1.05 096 0.68 094 1.24 1.16 1.03 0.83 0.89 1.01
21 1.04 117 1.05 097 0.69 097 124 1.16 1.02 0.83 0.89 1.01
22 1.05 1.18 1.05 097 0.69 098 1.24 1.16 1.02 0.83 0.89 1.01
23 1.05 119 1.04 096 0.68 099 1.23 1.15 1.01 0.82 0.89 1.01

Table 4.3: Average Simulated Wave Height per Month per Hour

Jan Feb Mar Apr May Jun Jul Sep Aug Oct Nov Dec
0 1.03 1.18 1.03 1.01 0.68 1.01 1.22 1.24 1.01 0.84 095 0.93
1 1.04 117 1.01 1.01 0.68 1.00 1.20 1.22 1.01 0.84 0.96 0.94
2 1.04 115 1.02 1.02 0.69 1.00 1.18 1.20 0.99 0.84 0.97 0.95
3 1.03 1.14 1.00 1.03 0.70 0.99 1.16 1.17 0.98 0.85 0.97 0.95
4 1.02 115 099 1.02 0.69 098 1.11 1.15 098 0.87 096 0.96
5 1.02 115 098 1.01 0.69 096 1.09 1.14 097 0.88 0.94 0.96
6 1.00 1.16 0.97 1.02 0.67 094 1.06 1.12 096 0.88 0.93 0.98
7 099 115 096 1.01 0.65 092 1.04 1.09 094 0.88 0.93 1.00
8 099 1.14 097 1.00 0.63 0.88 1.02 1.07 092 0.89 0.92 1.00
9 099 1.14 098 099 0.63 0.86 1.01 1.06 090 0.89 0.91 1.01
10 099 113 098 0.99 062 085 1.01 1.06 0.89 0.88 0.89 1.03
11 1.00 1.14 099 0.97 063 083 1.02 1.07 089 0.87 0.87 1.03
12 1.02 116 1.00 097 064 0.83 1.05 1.07 091 0.87 0.88 1.04
13 1.01 117 1.04 097 064 084 1.08 1.09 094 0.88 0.89 1.04
14 1.00 117 1.06 097 065 086 1.11 1.11 097 0.88 0.90 1.04
15 099 1.18 1.07 096 0.66 0.87 1.13 1.13 1.00 0.87 0.90 1.03
16 099 1.20 1.06 0.97 066 0.89 1.16 1.15 1.01 0.87 0.89 1.00
177 1.00 1.21 1.07 097 066 091 1.18 1.17 1.02 0.87 0.90 0.99
18 1.00 1.20 1.06 0.99 0.67 093 1.20 1.21 1.02 0.86 0.90 0.98
19 1.00 1.20 1.06 1.00 0.69 095 1.22 1.21 1.02 0.85 0.90 0.97
20 1.00 1.19 1.05 1.01 0.69 0.97 1.24 125 1.02 0.87 091 0.96
21 099 1.19 1.05 1.00 0.70 1.00 1.24 1.26 1.02 0.86 0.90 0.97
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Figure 4.8: Climacogram of Wave Height

The GHK model was able to capture the climacogram of the synthetic time
series. Any inconsistencies are met only in large scales and this is due to the
length of the simulation. The greater the length of the simulation the better
approximation of the climacogram. In our case a 30 year simulation was
sufficient for the purpose of the project.
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4.3 Application to Wave Period

Wave period data set consisted of 7 year and the length of the synthetic time
series is 30 years. Comparing the statistical characteristics of the historical and
simulated series we can see that the model was able to preserve the statistical
characteristics in the synthetic time series.

Table 4.4: Statistical Characteristics of Wave Period

Historical Synthetic
Average 4.45 4.42
Standard Deviation 0.92 0.91
Skewness 0.75 0.79
Kurtosis 0.72 0.92
Min Value 2.46 1.9
Max Value 8.7 10.98
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Figure 4.9: Histogram of Historical Wave Period

The maximum value of the simulated wave period differed from the maximum
value of the historical one and that is due to the greater length of the simulation
comparing with the historical one. The main bodies of the histograms are the
same except the maximum values, which in the case of the simulation we find
larger values.
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Figure 4.10: Histogram of Simulated Wave Period

Table 4.5: Average Historical Wave Period per Month per Hour

Jan

Feb Mar

Apr

May

Jun

Jul

Sep

Aug

Oct

Nov

Dec

ooNOCUuh~WN=_O

NNMNMN—= =3 aaaaaaa
WN-_OVvoOoONOCUuPWN=_O

4.56
4.56
4.56
4.57
4.57
4.58
4.59
4.61
4.61
4.62
4.63
4.62
4.61
4.61
4.61
4.61
4.60
4.59
4.58
4.58
4.57
4.56
4.56
4.55

4.66 4.53
4.65 4.52
4.64 4.52
4.63 4.53
4.64 4.53
4.63 4.53
4.66 4.53
4.65 4.51
4.64 4.51
4.64 4.51
4.63 4.50
462 4.47
4.61 4.45
4.61 4.47
4.62 4.48
4.64 4.48
4.67 4.49
4.69 4.51
4.69 4.52
4.69 4.52
4.68 4.53
4.68 4.53
4.68 4.53
4.68 4.52

4.52
4.55
4.57
4.61
4.63
4.65
4.65
4.64
4.62
4.61
4.59
4.56
4.53
4.51
4.49
4.48
4.48
4.47
4.49
4.50
4.51
4.53
4.52
4.52

4.20
4.19
4.19
4.19
4.18
4.17
415
4.14
412
4.11
4.11
4.09
4.08
4.07
4.05
4.05
4.05
4.06
4.07
4.10
4.13
416
418
4.19

4.27
4.28
4.29
4.31
4.32
4.34
4.35
4.34
4.32
4.30
4.27
4.23
4.20
4.17
4.15
4.14
4.13
4.13
4.14
416
4.18
4.21
4.25
4.26

4.48
4.48
4.47
4.47
4.47
4.46
4.46
4.46
4.45
4.44
4.44
4.42
4.41
4.39
4.39
4.39
4.40
4.41
4.43
4.45
4.47
4.49
4.49
4.49

4.50
4.50
4.49
4.49
4.48
4.48
4.49
4.49
4.47
4.46
4.43
4.40
4.37
4.34
4.33
4.33
4.35
4.38
4.40
4.42
4.45
4.48
4.49
4.50

4.43
4.44
4.44
4.45
4.46
4.46
4.46
4.45
4.43
4.41
4.39
4.38
4.37
4.37
4.39
4.39
4.40
4.41
4.42
4.42
4.43
4.43
4.43
4.43

4.42
4.42
4.41
4.41
4.43
4.45
4.47
4.48
4.48
4.49
4.48
4.49
4.48
4.46
4.46
4.45
4.45
4.45
4.46
4.46
4.46
4.45
4.45
4.45

4.42
4.41
4.42
4.41
4.41
4.41
4.41
4.43
4.43
4.44
4.43
4.43
4.41
4.39
4.39
4.39
4.39
4.39
4.40
4.41
4.41
4.40
4.40
4.39

4.44
4.43
4.43
4.45
4.46
4.48
4.50
4.52
4.53
4.54
4.56
4.57
4.57
4.58
4.59
4.59
4.59
4.58
4.58
4.56
4.54
4.52
4.50
4.48
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Table 4.6: Average Simulated Wave Period per Month per Hour

Jan Feb Mar Apr May Jun Jul Sep Aug Oct Nov Dec

0 448 471 450 458 420 420 440 439 445 439 439 443
1 448 469 449 459 420 420 440 439 447 438 440 443
2 448 466 449 462 419 422 439 437 448 438 442 4.44
3 448 465 452 467 419 424 439 438 448 438 442 445
4 448 464 454 471 417 426 436 437 449 439 443 4.46
5 450 4.64 454 472 415 427 437 436 448 441 442 446
6 452 467 452 472 414 427 437 437 448 444 441 448
7 453 468 450 471 412 427 437 436 448 444 443 450
8 454 467 450 466 411 424 437 434 446 444 444 452
9 456 4.65 4.51 465 411 422 436 433 444 444 444 451
10 457 464 449 464 410 419 435 429 441 443 442 4.51
11 456 464 446 462 4.08 4.16 434 427 439 442 441 454
12 455 464 443 458 4.07 4.13 433 425 438 441 440 4.54
13 453 463 444 457 407 411 432 421 438 440 439 4.56
14 452 465 445 455 405 4.09 431 419 439 440 440 4.58
15 452 467 445 453 4.05 4.07 431 420 439 440 440 4.59
16 450 470 445 454 405 4.06 431 422 440 441 438 4.58
17 452 470 448 452 4.06 4.06 433 424 440 439 438 457
18 450 469 450 454 407 4.07 434 427 442 440 438 4.59
19 450 470 450 456 4.10 4.09 436 429 443 441 440 457
20 448 470 450 4.56 413 411 439 433 445 442 441 4.54
21 447 469 451 458 417 414 441 437 444 441 441 4.52
22 448 470 4.51 459 418 418 442 437 4.44 441 440 4.51
23 449 471 451 458 418 420 442 439 443 442 438 4.47
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Figure 4.11: Climacogram of Wave Period
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The model was able to capture the climacogram of the synthetic time series.
Any inconsistencies are met only in large scales and this is due to the length of
the simulation. The greater the length of the simulation the better
approximation of the climacogram.

4.4 Application to Wind Speed

Wind Speed data set consisted of 7 year and the length of the synthetic time
series is 30 years. Comparing the statistical characteristics of the historical and
simulated series we can see that the model was able to preserve the statistical
characteristics in the synthetic time series.

Table 4.7: Statistical Characteristics of Wind Speed

Historical Synthetic
Average 6.46 6.39
Standard Deviation 3.08 3.07
Skewness 0.32 0.13
Kurtosis -0.23 0.12
Min Value 0.01 0.01
Max Value 19.49 20.60

Histogram of Historical Wind Speed
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Figure 4.12: Histogram of Historical Wind Speed

Table (4.7), shows that the SMA scheme well preserved the first four central
moments of the wind speed dataset. The main bodies of the histograms are
the same except the maximum values, which in the case of the simulation we
find larger values.
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Figure 4.13: Daily Average Wind Speed

Table 4.8: Average Historical Wind Speed per Month per Hour

Jan

Feb Mar

Apr

May

Jun

Jul

Sep

Aug

Oct

Nov

Dec
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7.33
7.14
6.98
6.87
6.81
6.79
6.81
6.80
6.83
6.89
6.99
7.12
7.28
7.15
7.05
6.98
6.95
6.95
6.98
6.96
6.97
7.01
7.08
7.18

7.56 6.70
7.38 6.53
7.25 6.39
7.15 6.30
711 6.25
7.10 6.25
7.14 6.30
7.09 6.30
7.08 6.34
711 6.42
7.17 6.54
7.27 6.70
7.40 6.90
7.29 6.74
7.21 6.62
7.17 6.55
7.18 6.52
7.23 6.52
7.33 6.56
7.27 6.49
7.26 6.46
7.28 6.45
7.35 6.49
7.45 6.58

6.37
6.22
6.09
6.00
5.93
5.89
5.89
5.88
5.91
5.98
6.11
6.29
6.50
6.39
6.31
6.27
6.26
6.28
6.33
6.26
6.21
6.19
6.20
6.24

5.15
4.96
4.79
4.67
4.58
4.54
4.53
4.54
4.58
4.69
4.84
5.03
5.25
5.17
5.12
5.10
5.12
5.18
5.26
5.18
5.12
5.09
5.08
5.10

6.32
6.12
5.95
5.79
5.65
5.53
5.44
5.54
5.66
5.82
6.00
6.20
6.42
6.40
6.39
6.41
6.43
6.48
6.53
6.47
6.42
6.39
6.38
6.38

7.52
7.32
7.13
6.95
6.78
6.63
6.49
6.64
6.81
7.01
7.22
7.45
7.70
7.68
7.66
7.65
7.65
7.65
7.66
7.62
7.59
7.57
7.56
7.56

7.20
7.01
6.82
6.65
6.49
6.33
6.19
6.34
6.50
6.68
6.88
7.10
7.33
7.28
7.24
7.21
7.18
7.16
7.15
7.13
7.13
7.13
7.14
7.16

6.83
6.66
6.50
6.35
6.23
6.13
6.05
6.10
6.18
6.29
6.42
6.58
6.76
6.69
6.63
6.59
6.57
6.56
6.57
6.58
6.60
6.64
6.68
6.74

6.31
6.13
5.97
5.84
5.74
5.67
2.65
5.69
5.75
5.84
5.95
6.09
6.24
6.14
6.07
6.02
5.99
5.99
6.02
6.00
6.01
6.04
6.09
6.17

6.55
6.38
6.23
6.10
6.01
5.94
5.91
5.90
5.92
5.98
6.08
6.21
6.37
6.27
6.19
6.13
6.11
6.10
6.12
6.12
6.14
6.19
6.28
6.40

7.03
6.88
6.76
6.67
6.62
6.59
6.60
6.60
6.62
6.68
6.76
6.88
7.03
6.88
6.76
6.68
6.65
6.66
6.70
6.68
6.69
6.75
6.84
6.95
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Table 4.9: Average Simulated Wind Speed per Month per Hour

Jan Feb Mar Apr May Jun Jul Sep Aug Oct Nov Dec

0 6.53 6.34 6.45 647 6.41 658 698 697 7.02 7.07 7.13 6.92
1 6.43 6.19 6.27 6.33 6.22 638 6.78 6.76 6.88 6.86 6.98 6.74
2 6.28 6.01 6.09 6.17 6.03 6.25 6.61 6.62 6.70 6.72 6.84 6.60
3 6.13 590 594 6.04 588 6.12 649 647 655 6.60 6.75 6.53
4 6.08 5.84 583 593 576 6.01 6.38 6.42 645 649 6.74 6.51
5 6.09 5.81 573 587 567 586 632 632 641 652 6.73 6.46
6 6.10 5.81 567 575 559 573 6.22 630 6.41 6.57 6.75 6.48
7 6.11 5.86 573 581 566 580 6.26 6.36 6.36 6.59 6.75 6.47
8 6.14 592 582 592 574 592 6.38 6.37 6.39 6.63 6.81 6.50
9 6.18 599 592 6.05 589 6.08 6.44 6.44 652 6.69 6.85 6.52
10 6.29 6.12 6.06 6.20 6.04 6.26 6.60 6.58 6.66 6.79 6.91 6.61
11 6.48 6.33 6.26 6.40 6.23 6.44 6.77 6.74 6.84 696 7.06 6.76
12 6.69 6.54 6.45 6.61 6.44 6.66 695 7.00 7.06 713 7.27 6.90
13 6.55 6.46 6.32 653 6.41 6.62 688 687 6.96 699 7.11 6.73
14 6.46 640 6.25 648 6.36 6.52 6.79 6.74 6.85 6.90 6.97 6.63
15 6.42 6.39 6.29 6.46 6.38 649 6.76 6.65 6.78 6.83 6.88 6.63
16 6.40 6.42 6.35 6.50 6.38 6.45 6.71 6.66 6.72 6.78 6.83 6.65
17 6.42 6.45 6.41 6.50 6.37 6.47 6.69 6.63 6.66 6.80 6.81 6.67
18 6.48 6.50 6.48 6.56 6.38 6.51 6.71 6.64 6.70 6.81 6.84 6.71
19 6.42 642 643 652 6.35 6.51 6.74 6.57 6.70 6.78 6.76 6.65
20 6.36 6.39 6.40 6.47 6.31 650 6.74 6.61 6.70 6.80 6.77 6.61
21 6.34 6.39 6.36 645 6.35 652 6.75 6.67 6.75 6.84 680 6.67
22 6.36 6.33 6.38 644 640 654 681 6.78 6.79 6.89 6.88 6.73
23 6.39 6.31 6.42 643 6.41 6.55 6.89 687 692 696 6.96 6.81
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Figure 4.14: Climacogram of Wind Speed
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30 years of simulation for the wind speed data set were adequate and the GHK

model captured very well the synthetic time series.

4.5 Application to Solar Irradiance

Solar Irradiance data set consisted of 1 year and the length of the synthetic
time series is 30 years. Comparing the statistical characteristics of the
historical and simulated series we can see that the model was able to preserve

the statistical characteristics in the synthetic time series

Table 4.10: Statistical Characteristics of Solar Irradiance

Historical Synthetic
Average 205.82 207.62
Standard Deviation 290.21 292.88
Skewness 1.21 1.20
Kurtosis 0.09 0.26
Min Value 0.02 0.01
Max Value 1023.5 1342.49

As aforementioned the main bodies of the histograms are the same except the
maximum values, which in the case of the simulation of the solar irradiance we

find larger values.
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Figure 4.15: Histogram of Historical Solar Irradiance
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Histogram of Simulated Solar Irradiance
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Figure 4.16: Daily Average Solar Irradiance
Table 4.11: Average Historical Solar Irradiance per Month per Hour
Jan Feb Mar Apr May Jun Jul Sep Aug Oct Nov Dec
0 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
2 01 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
3 01 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
4 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
5 0.1 0.1 0.1 0.1 0.1 04 02 0.1 0.1 0.1 0.1 0.1
6 0.1 0.1 0.1 23 172 277 153 38 04 0.1 0.1 0.2
7 01 0.1 6.5 622 1222 169.1 1330 786 29.8 6.1 04 07
8 3.8 167 892 2220 2743 3549 313.8 2539 171.1 963 307 9.0
9 801 1123 2647 4182 4254 5341 496.7 451.7 351.3 251.8 139.8 97.7
10 201.3 2402 4268 604.0 5359 7122 676.1 637.5 511.3 402.0 2502 220.7
11 319.5 3749 5707 7264 6718 8451 7786 7749 6128 531.5 3704 312.7
12 3752 436.4 6484 7921 736.1 909.7 870.1 8729 7287 537.4 4254 360.7
13 4126 4781 708.1 7748 7648 9156 9144 902.8 759.0 568.5 410.4 376.3
14 4159 4705 657.9 694.0 7047 907.8 857.7 840.6 7357 571.9 358.7 344.4
15 348.1 409.7 5882 619.9 6451 7959 7721 7550 5926 456.1 279.6 270.0
16 228.3 296.8 459.3 527.0 5702 6749 6409 6152 460.0 3152 1851 171.3
17 106.4 1643 2818 373.7 4062 4946 5119 4553 3076 151.4 73.8 699
18 13.7 455 1242 1927 2416 3206 3388 2603 1137 304 33 98
19 06 08 136 479 885 1516 1528 845 126 03 0.1 1.5
20 0.1 0.1 0.1 08 81 252 231 40 0.1 0.1 0.1 0.1
21 0.1 0.1 0.1 0.1 0.1 02 02 0.1 0.1 0.1 0.1 0.1
22 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
23 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
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Table 4.12: Average Simulated Solar Irradiance per Month per Hour

Jan Feb Mar Apr May Jun Jul Sep Aug Oct Nov Dec

0 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
2 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
3 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
4 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
5 0.1 0.1 0.1 0.1 0.1 0.4 0.2 0.1 0.1 0.1 0.1 0.1
6 0.1 0.1 0.1 2.6 17.0 277 16.1 4.0 0.4 0.1 0.1 0.2
7 0.1 0.1 7.4 66.5 121.8 169.2 136.0 79.5 30.9 6.2 0.4 0.8
8 3.8 17.0 959 2304 271.7 3551 319.3 2554 1757 964 294 9.2
9 81.3 113.3 279.1 429.5 4219 5342 506.5 453.0 359.7 252.0 1342 985
10 203.3 243.6 4487 618.1 5319 713.1 6822 6384 523.5 402.1 239.6 2227
11 3221 380.3 597.6 743.3 670.6 8450 7954 776.7 629.3 531.1 3582 316.1
12 3789 4405 6782 809.7 741.1 908.6 8858 8733 7441 5359 409.5 364.9
13 416.7 482.6 7382 799.6 769.6 9142 9269 903.0 773.5 568.1 393.5 378.1
14 419.4 4748 686.4 7251 711.4 907.1 8783 8405 747.3 570.2 343.6 344.9
15 350.9 4109 613.8 649.4 653.0 795.6 7943 7557 6054 4524 267.1 2712
16 230.8 296.6 480.1 553.3 5746 6748 6623 6158 4722 3128 176.0 1727
17 108.3 1651 297.2 3942 407.6 493.5 526.5 4557 3156 1508 69.9 71.6
18 145 46.0 131.4 2056 2427 3202 346.6 2615 1181 302 3.1  11.1
19 07 08 147 520 893 1518 1575 850 135 03 0.1 1.8
20 0.1 0.1 0.1 0.9 8.3 25.2 241 41 0.1 0.1 0.1 0.1
21 0.1 0.1 0.1 0.1 0.1 0.2 0.2 0.1 0.1 0.1 0.1 0.1
22 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
23 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
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Figure 4.17: Climacogram of Solar Irradiance



4 Applications

Finally in the case of the Solar Irradiance the GHK model, performed well
and from the distribution of the synthetic data we can conclude that the SMA
scheme well captured the first four statistical moments such as the
intermittent behavior of the dataset.
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5. Conclusions

e We presented an extension of the Symmetric Moving Average Scheme
in order to preserve the first four statistical moments including the
coefficient of kurtosis in the simulation.

e The synthetic time series of the GHK model were produced by the SMA
scheme.

o Before applying the GHK model, all of the datasets were standardized
and estimated the climacogram and the statistical moments of the
standardized time series because the GHK model cannot handle the
periodicities of the examined data.

e All the datasets exhibit long range dependence, which means clustering
of low or high values (Hurst — Kolmogorov Dynamics) with Hurst index
of H=0.6

1.000

S
3 0.100
<
> <
E —Wind-speed \
s :
_5 0.010 Wave-height \
§ Wave-period \
i Solar-irradiance (adjusted at hourly scale)
==cHK model (not adjusted for bias)
0.001
1 10 100 1000 10000
Scale k (h)

Figure 5.1: Climacogram of all processes

e The GHK model was able to capture the climacogram of the synthetic
time series, only to large scales there was a deviation which could be
dealt by increasing the length of the simulation.

e The preservation up to the fourth moment was adequate, since
preservation of additional moments slightly improve the distribution
simulation.

e As we can see from the statistical characteristics of historical and
synthetic time series (Table 5.1) the Symmetric Moving average
scheme well preserved the first four statistical moments.
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Table 5.1: Statistical Characteristics of all datasets

Wind  Wind(S) WaveH. WaveH. Wave Wave  Solar Solar (S)
(H) (H) () PH PGS (H

Average 6.46 6.39 0.97 0.98 4.45 4.42 20582 207.62
St. Deviation 3.08 3.07 0.77 0.77 0.92 0.91 290.21  292.88
Skewness 0.32 0.13 1.62 1.53 0.75 0.79 1.21 1.20
Kurtosis -0.32 0.12 3.39 3.60 0.72 0.92 0.09 0.26
Min Value 0.01 0.01 0.02 0.03 2.46 1.9 0.02 0.01
Max Value 19.49 20.60 5.94 7.35 8.7 10.98 1023.5 1342.49

e The statistical moments of the historical and simulated are close, but,
the maximum values of the synthetic series are greater than those of the
historical ones and this is due to the length of the simulation being
greater than the historical ones.

e The extended SMA scheme as we can see also preserved the
intermittent behavior of the processes.

e The distribution of the data is approximated to a desired degree rather
than precisely preserved.

A more precise way on estimating the desired distribution of the historical
data is proposed by (Koutsoyiannis, 2021) using K-moments
(Koutsoyiannis, 2023, 2019) which provide a framework for model fitting,
using the entire dataset rather than relying on a few moments. With this
method we estimate the K-moments of a dataset and we choose a marginal
distribution for the process based on the K-moments and then we calculate
theoretically the classical moments of the process. K-moments offer a
better approximation of a distribution rather than classical moments and
are advantageous in the stochastic theory and its applications in
geophysical phenomena especially when dealing with extremes.
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