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Abstract We investigate climatic variability using two instrumental series of global
temperature and eight proxy series with varying lengths from 2 thousand to 500 million years.
By superimposing the climacograms (logarithmic plots of standard deviation versus time
scale) of the different series we obtain an impressive overview of the variability for time
scales spanning almost 9 orders of magnitude—from 1 month to nearly 100 million years. An
overall climacogram slope of —0.08 supports the presence of Hurst-Kolmogorov dynamics
with Hurst coefficient of at least 0.92. The orbital forcing (Milankovitch cycles) is also
evident in the combined climacogram at time scales between 10 and 100 thousand years.
While orbital forcing favors predictability at the scales it acts, the overview of climate
variability at all scales suggests a big picture of enhanced change and enhanced uncertainty of

Earth’s climate.
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1. Introduction

In the first half of 19™ century, geologic evidence indicated that at least one glacial period
existed in Earth’s geologic history (Agassiz, 1840; from Imbrie, 1982). In the following
decades it became clear that during the Pleistocene (2 588 000 — 12 000 years BP), there were
many glacial periods followed by shorter interglacials, such as the one we experience since
the onset of human civilization. Milankovitch (1941) provided an explanation of these
recurring glaciations/deglaciations based on Earth’s orbit variations, which was confirmed
after some years by the first temperature reconstructions.

Additional findings showed that the climate during the Holocene (the last 12 000 years),
earlier regarded static, was characterized by many climatic events, such as ‘Little Ice Age’,
‘Medieval Warm Period’, “Younger Dryas cold episode’, ‘Holocene Optimum’, ‘8 200 Holo-
cene Event’ and ‘Bond Events’, deviating from ‘normal’ conditions for hundreds or thousands
of years (Bond et al., 2001). These events cannot be attributed to the Milankovitch cycles,
whose periods are much longer (i.e. 21, 41 and 100 thousand years for the precession,
obliquity and eccentricity cycles, respectively). Furthermore, it is well known that succession
of glaciation and deglaciation periods has not occurred all the time, but only during large
periods called ice ages, such as the current (Pliocene-Quaternary) ice age that started about
2.5 million years ago, as well as the Ordovician and the Carboniferous ice ages each of which
lasted almost 100 million years (Crowell and Frakes, 1970).

Thus, it is very difficult to attribute the climate variability, both at multi-decadal and multi-
million-year scales to specific quantifiable causal mechanisms that would be applicable all the
time. A more modest goal, which is the purpose of this study, would be to characterize this
variability over the widest possible range of scales that the available evidence allows. Such
characterization unavoidably uses stochastic descriptions and tools, but without neglecting

identifiable deterministic controls, such as the Milankovitch cycles.
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2. Data

Ten temperature-related time series with time steps spanning from monthly to 500 thousand
years and overall lengths from 30 years to 500 million years are used in this study, as summa-
rized in Table 1. Two of the time series are instrumental, based on satellite (NSSTC) and
ground (CRU) data. All others are reconstructions of three types, i.e. (a) annual-scale, multi-
proxy, global temperature reconstructions (Moberg, based on tree-rings, boreholes, cave sta-
lagmites and sediment data, and Lohle, which adds pollen data but leaves out tree ring data);
(b) proxy data extracted from one-site ice cores (EPICA, GRIP, and Taylor Dome); and (c)
multi-site ocean sediment depositions (Huybers, Zachos and Veizer). To reduce the within-
year variability, the two instrumental time series, whose step is monthly, refer to temperature
deviations from the 30-year monthly average. The ice-core and sediment reconstructions had
varying time step and were converted by linear interpolation to constant time step, not greater
than the varying raw time step. To maintain a satisfactory sample size, in the cases of Taylor
and GRIP reconstructions we used only the highest resolution fraction of each time series.

As observed in Figure 1, climatic change is evident at all scales. The most important events
in the last 500 million years are the ice ages described above (seen in the Veizer time series as
low-temperature periods). A decreasing trend in global temperature has been prevailing in the
last 50 million years (Zachos reconstruction), while in the last 2.5 million the oscillating
pattern of glaciers extension and retreat have emerged (Huybers time series, also seen in
EPICA and GRIP data). The frequency of these quasi-cycles correlates well with the
frequencies of Earth’s orbital parameters, which affect the incoming insolation providing a
possible connection between the glaciation process and orbital forcing (Milankovitch, 1941).
Till now many efforts have been done to describe the exact physical mechanism of this
connection, but their results are still under debate (Paillard, 1998; Huybers and Wunsch,

2005; Roe, 2006). In the interglacial of the last 12 000 years, climatic fluctuations are weaker
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(Taylor Dome ice core) than in the earlier glaciation period (GRIP data). However as we
move to even smaller scales (Moberg, Lohle and instrumental series), deviations from the

average become again apparent.

3. Climate variability at different time scales

By its definition, climate involves averaging of a continuous time process x(#) at various time

)

scales k. This transforms the instantaneous-time process x(¢) into a discrete time process x; ~ at

time 7 and scale £, i.e.

ik
=L [ xodi ()
(i-Dk

The climatic variability is naturally quantified by the standard deviation 6 of x*. A key tool
that provides a multi-scale stochastic characterization is the plot (typically double
logarithmic) of 6 versus k, which has been termed the climacogram (from the Greek climax,
i.e., scale). The climacogram is simpler and more robust than other commonly used stochastic
tools, the power spectrum and the autocorrelogram, although it is related to them by simple
transformations (Koutsoyiannis, 2010). In addition, as will be seen below, the climacogram is
very powerful, offering means to combine views of different time series in a single graph.

A fully deterministic, strictly periodic process with period 7, described by
x(1) =2 cos(2 1/ T+ b) (2)

if treated stochastically will have marginal density function f{x) = 1/(m\/2 —xz), mean 0,
variance 1, and autocovariance ¢(z) = cov[x(¢), x(t + 7)] = cos(2 m 7/ T), which does not depend

on . It is then readily showed that its climacogram is
P =[T/ (k)] |sin(n k/T)| (3)

It is easily seen from (3) that for & << T, the standard deviation is constant, 6 = 1, while for &

> T the climacogram has a series of peaks on points k = (n + 1/2)T, over which ¢® = T/ (nk).
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Assuming that the real climate is affected by a multitude of cycles, where no periodicity 7
is a priori excluded, the resulting composite process will have a climacogram that could be
determined by adding partial climacograms of the form (3) for each 7. Superposition of
fluctuations occurring at many time scales (caused, e.g., by orbital forcing, solar irradiance,
volcanic activity and so forth) tends to give a composite process with Hurst-like properties
(Koutsoyiannis, 2003). Moreover, extremal entropy production considerations result in a

process with a climacogram given by the simple power-law relationship

=Ko (4)

where ¥

is the standard deviation at time scale k (with ¢ = ¢'") and H is the entropy
production in logarithmic time (Koutsoyiannis, 2011). The constant H is more commonly
known as the Hurst coefficient after Hurst (1951) who was the first to verify the scaling
behavior (4) in natural processes, describing it as the tendency of extreme events (like Nile’s
floods or droughts) to cluster in time. A mathematical process having the property (4) was
first studied by Kolmogorov (1940).

Thus, (4) represents a natural behavior, defines a stochastic process with this behavior, and
describes the stochastic dynamics of this process. Here we use the term Hurst-Kolmogorov
(HK) as a collective name to describe the natural behavior (which for H in (0.5, 1) is also
known as the Hurst phenomenon, long term persistence or long range dependence), the sto-
chastic process (also known as a fractional Gaussian noise or simple scaling process) and the
stochastic dynamics. The common white noise process, which is characterized by independ-
ence in time, is a specific case of the HK process, in which H = 0.5, so that ¢ = ¢/k°> (which
implies a slope of 0.5 in the climacogram). In real-world time series H is usually greater than
0.5 (with slopes milder than —0.5). HK dynamics with H > 0.5 has been already identified in

some individual temperature reconstructions (Bloomfield, 1992; Richards, 1994; Ashkenazy

et al., 2003; Koutsoyiannis and Montanari, 2007; Koutsoyiannis et al., 2009).
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4. Application, results and discussion

Each of the ten data series allows the construction of an empirical climacogram based on the
classical sample estimates of the standard deviation ¢ for aggregate scales k spanning from
the available resolution 4 (shown in Table 1) up to, say, k£ = L/10 (with L being the total
length of the time series shown in Table 1), so that at least 10 data points are available to
estimate . We can then superimpose all climacograms of the ten time series to construct a
combined climacogram representative for time scales ranging from monthly to 50 million
years. Since the units of the various series differ, those of standard deviations will differ too.
Also, each data point of a proxy series does not necessarily represent the time average at the
specific scale. For these reasons, the climacograms of the different series are not fully
compatible to each other. However, here we are interested about the variation of standard
deviation with scale, rather than the precise values of standard deviation. Thus we can
multiply each climacogram by a constant value, so us to match the different climacograms. In
the logarithmic plot of Figure 2, this entails a translation of the climacogram of each time
series, which obviously does not affect the slopes of climacograms.

In the combined empirical climacogram of Figure 2, we have arbitrarily set ¢ = 1 for k =
1 month (1/12 year). The combined climacogram gives us an impressive overview of climatic
variability spanning almost 9 orders of magnitude—from 1 month to nearly 100 million years.
We observe that the ¢ of all series and all scales & are kept high, within one order of
magnitude (between 0.1 and 1), as contrasted to a pure random climate, that would entail a
climacogram quickly descending (with slope —0.5, also depicted in Figure 2) to lower orders
of magnitude. Overall, the combined climacogram indicates a mild slope of about —0.08,
suggesting a strong HK behavior. A slope of —0.08 in a theoretical climacogram would corre-
spond to H = 0.92, but here the climacogram is empirical and thus possibly negatively biased

(Koutsoyiannis, 2003). Thus, we can regard the value 0.92 as a lower bound of H. However,
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even H = 0.92 is a very high value and implies spectacular differences from the classical
statistics (in which the consecutive values are independent), as well as from typical stochastic
processes like the Markov (AR(1)) process. Classical statistics has served as the common
basis of thinking, understanding and interpreting climate behaviors, and performing statistical
tasks such as estimation and hypothesis testing. The horizontal line in Figure 2 (drawn from
the rightmost point of the sloped straight line fitted to the empirical climacogram) demon-
strates that the real climatic variability at the scale of 100 million years equals that predicted
by classical statistics for 28 months (!). This dramatic difference, suggestive of enhanced
change and enhanced unpredictability, should help us understand that the classical statistical
thinking may be inappropriate for climate and that the classical dichotomy, implied by classi-
cal statistical thinking, of weather versus climate may be misleading.

Furthermore, the combined climacogram suggests a departure from the simple scaling HK
law for scales between 10 and 100 thousand years, where the slope is steeper than —0.08, up to
around —0.5. The explanatory toy model of Figure 3 helps understand that this is the result of
the Milankovitch cycles acting at this range of time scales. This toy model represents the
synthesis of the theoretical climacograms of three components, an HK process with H = 0.92
and two harmonics with periods 100 and 41 thousand years; the composite climacogram is
readily calculated from (3) and (4). Clearly, as a result of the two harmonics, the climacogram
slope at scales between 10 and 100 thousand years is much steeper than —0.08, as in the real-
world climacogram.

Several “imperfections” can be observed in the matching of the climacograms of the
different time series in Figure 2. These are not unexpected, and they themselves are the result
of the bias and enhanced uncertainty implied by the long-term persistence in statistical
estimation. In some cases, the right tail of a climacogram is too flat, as for example in Zachos

and CRU time series. The reason for a flat tail is related to the fact that the entire time series
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length is located on a branch of the process with a monotonic trend (Figure 1). When a longer
time series is viewed (Veizer for Zachos, Moberg and Lohle for CRU), which shows that the
monotonic trend is in fact part of a longer fluctuation, the flat climacogram problem is
remedied.

One of the most prominent “imperfections” of Figure 2 is related to the EPICA
climacogram, whose right tail has a slope steeper than —0.5, which could be interpreted as
indicating anti-persistence. However, this behavior can be easily attributed to the combined
effect of statistical bias and the influence of the orbital forcing. To demonstrate this we have
used the toy model of Figure 3 to generate a series with resolution and length equal to those of
the EPICA series. The resulting empirical climacogram, also plotted in Figure 3, resembles
the real EPICA climacogram of Figure 2.

Generally, the steeper slope at time scales between 10 and 100 thousand years suggests
higher predictability over those scales in comparison to shorter or longer scales, but again this
does not counteract the enhanced uncertainty and unpredictability entailed by the overall HK
dynamics. This uncertainty is magnified by the fact that, as already mentioned, the orbital
forcing cycles are not apparent all the time and are not strictly periodic (see also Richards,
1994; Ashkenazy et al., 2003). Endeavors to describe the climatic variability in deterministic
terms are equally misleading as those to describe it using classical statistics. Connecting
deterministic controls, such as the Milancovich cycles, with the Hurst-Kolmogorov stochastic

dynamics seems to provide a more promising path for understanding and describing climate.
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Figure Captions

Figure 1 Global temperature series of instrumental data and reconstructions, described in
Table 1, in different time scales, going back up to about 500 million years BP. The dashed

rectangles provide the links of the time period of each time series with the one before it.

Figure 2 Combined climacogram of the ten temperature observation series and proxies. Data
series with variable time step were interpolated to the time step shown in Table 1. NSSTC and

CRU refer to differences of monthly global temperature to 30 year monthly average.

Figure 3 Theoretical climacograms of an HK process with A = 0.92 and two periodic
processes with periods 100 and 41 thousand years, all having unit standard deviation at
monthly scale, along with the climacogram of the weighted sum of these three components
with weights 0.95, 0.30 and 0.15, respectively; the empirical climacogram of a synthetic time
series generated from the composite process with time step and length equal to those of the

EPICA series is also plotted.
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Table 1. Time series of global temperature based on instrumental and proxy data.

Abbre- Type of data Total ~ Resolu- Reference Data availability from
viation  (unit) length, L tion, 4
(years) (years)

NSSTC Satellite (°C) 32 1/12 www.nsstc.uah.edu/ data/msu/t21t/

CRU Instrumental 161 1/12 Brohanet www.cru.uea.ac.uk/cru/data/temper
°C) al. (2010) ature/

Moberg Multi-proxy 2x10° 1  Moberg www.ncdc.noaa.gov/paleo/pubs/mo
°C) (2005) berg2005/moberg2005.html

Lohle = Multi-proxy 2x10° 30* Lohle WWww.ncasi.org/programs/areas/cli
°C) (2007) mate/LoehleE&E2007.csv

Taylor  Single-proxyice 10x10° 100 Steigetal. nsidc.org/data/docs/agdc/nsidc0315
core (5'°0) (1999) _ahn/index.html

GRIP  Single-proxyice 100x10° 10 Dansgaard www.ncdc.noaa.gov/paleo/icecore/
core (8'°0) et al. greenland/summit/document/gripis

(1993) ot.htm

EPICA  Single-proxy ice 800x10° 500 Jouzel et al. www.ncdc.noaa.gov/paleo/pubs/jou
core (°C) (2007) zel2007/jouzel2007.html

Huybers Multi-proxy 2.6x10° 10° Huybers  www.people.fas.harvard.edu/~phuy
sediment (5'°0) (2007) bers/Progression/Averages.txt

Zachos Multi-proxy 65x10° 50x10° Zachos et www.ncdc.noaa.gov/paleo/metadat
sediment (5'°0) al. (2001) a/noaa-ocean-8674.html

Veizer Multi-proxy 480x10° 500x10° Veizer et  mysite.science.uottawa.ca/jveizer/is

sediment (°C)

al. (2000)

otope data/index.html

*Scales of 1 to 30 years were not included because the series is smoothed by Lohle (2007) at

the 30-year scale.
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Figure 1 Global temperature series of instrumental data and reconstructions, described in
Table 1, in different time scales, going back up to about 500 million years BP. The dashed

rectangles provide the links of the time period of each time series with the one before it.
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276  Figure 2 Combined climacogram of the ten temperature observation series and proxies. Data
277  series with variable time step were interpolated to the time step shown in Table 1. NSSTC and

278  CRU refer to differences of monthly global temperature to 30 year monthly average.
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Figure 3 Theoretical climacograms of an HK process with H = 0.92 and two periodic
processes with periods 100 and 41 thousand years, all having unit standard deviation at
monthly scale, along with the climacogram of the weighted sum of these three components
with weights 0.95, 0.30 and 0.15, respectively; the empirical climacogram of a synthetic time
series generated from the composite process with time step and length equal to those of the

EPICA series is also plotted.



